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Abstract

This paper considers vector communications through multi-input multi-output (MIMO)
channels with a set of Quality of Service (QoS) requirements for the simultaneously established
substreams. Linear transmit-receive processing (also termed linear precoder at the transmitter
and linear equalizer at the receiver) is designed to satisfy the QoS constraints with minimum
transmitted power (the exact conditions under which the problem becomes unfeasible are
given). Although the original problem is a complicated nonconvex problem with matrix-
valued variables, with the aid of majorization theory, we reformulate it as a simple convex
optimization problem with scalar variables. We then propose a practical and efficient multi-
level water-filling algorithm to optimally solve the problem for the general case of different
QoS requirements. The optimal transmit-receive processing is shown to diagonalize the channel
matrix only after a very specific pre-rotation of the data symbols. For situations in which the
resulting transmit power is too large, we give the precise way to relax the QoS constraints in
order to reduce the required power based on a perturbation analysis. We also propose a robust
design under channel estimation errors which has an important interest for practical systems.
Numerical results from simulations are given to support the mathematical development of the
problem.
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1 Introduction

Communications over multi-input multi-output (MIMO) channels have recently gained considerable at-
tention [1, 2, 3, 4]. They arise in many different scenarios such as when a bundle of twisted pair copper
wires in digital subscriber lines (DSL) is treated as a whole [1], when multiple antennas are used at both
sides of a wireless link [3], or simply when a time-dispersive or frequency-selective channel is properly
modeled for block transmission by using, for example, transmit and receive filterbanks [4]. In particu-
lar, MIMO channels arising from the use of multiple antennas at both the transmitter and the receiver
have recently attracted a significant interest because they provide an important increase in capacity over

single-input single-output (SISO) channels under some uncorrelation conditions [5, 6].

The transmitter and the receiver may or may not have channel state information (CSI), although
for slowly varying channels it is generally assumed CSI at the receiver (CSIR). Many publications have
dealt with the case of no CSI at the transmitter (CSIT) such as the popular space-time coding techniques
[7, 8, 9]. Another great block of research has been devoted to the situation with CSIT [2, 3, 4, 10]. We

focus on the latter and, in particular, when linear processing is utilized for the sake of complexity.

In many situations, the transmitter is constrained on its average transmit power to limit the interfer-
ence level of the system and the transmit-receive processing is designed to somehow maximize the quality
of the communication. Several different criteria have been utilized as a means to measure the quality of the
link and to design the system such as the minimization of the (weighted) trace of the mean-square error
(MSE) matrix [11, 12, 2, 4, 10], the maximization of the signal to interference-plus-noise ratio (SINR) with
a zero-forcing (ZF) constraint [4], the minimization of the determinant of the MSE matrix [13], and the
minimization of the average bit error rate (BER) [14, 15]. A general unifying framework was developed
in [15] to treat all such criteria by classifying the variety of objective functions into Schur-concave and

Schur-convex functions. In [16], some criteria were considered under a peak power constraint.

In other situations, however, the approach of maximizing the quality subject to a transmit power
constraint may not be the desired objective as argued next. For a system level point of view, it may
be interesting to consider the opposite formulation of the problem. Given that several substreams are
to be established through the MIMO channel and that each substream requires a (possibly different)
Quality of Service (QoS), the communication system wishes to satisfy these QoS constraints with minimum
transmitted power. This type of design has been considered in the literature mainly for multiuser scenarios,
in which multiple distributed users coexist and joint multiuser processing cannot be assumed at one side of
the link since the users are geographically distributed. In [17], a multiuser scenario with a multi-element
base station was considered and optimal beamvectors and power allocation were obtained for the uplink
and downlink under QoS constraints in terms of SINR. In [18, 19], the same problem was solved under the
powerful framework of convex optimization theory which allows the introduction of additional constraints
(for example to control the dynamic range of the transmitted signal or to increase the robustness against
channel estimation errors). In [20], the problem was generalized to the case of having multiple antennas
at both sides of the link, although a global optimal solution was not found due to the nonconvexity of the
problem (a suboptimal iterative optimization approach was taken). A similar signal model arising from a

single-antenna multiuser multicarrier CDMA system was treated in [21], in which a suboptimal (due to



the nonconvexity of the problem) gradient-type algorithm was used. In [22], a single-antenna multiuser
CDMA system was characterized in terms of user capacity by optimally designing the CDMA codes of

the users with SINR requirements.

The approach in this paper is similar to the aforementioned examples in that we deal with the opti-
mization of a system subject to QoS requirements and different in that it is assumed that joint processing
is possible at both the transmitter and the receiver. Of course, the previously considered multiuser sce-
nario in which the users are geographically distributed is not valid anymore' (note that the considered
model does not correspond to a multiple-access channel since both sides of the link are allowed to coop-
erate). Hence, the considered scenario is just a point-to-point communication system where more than
one substreams are simultaneously established with (possibly different) QoS requirements.? In fact, this
situation happens naturally in spectrally efficient systems which are designed to approach the capacity of

the MIMO channel as we now describe.

The capacity-achieving solution dictates that the channel matrix has to be diagonalized and that
the power at the transmitter has to be allocated following a water-filling distribution on the channel
eigenmodes [24, 3, 25]. In theory, this solution has the implication that an ideal Gaussian code should be
used on each channel eigenmode according to its allocated power [24]. In practice, however, Gaussian codes
are substituted with simple (and suboptimal) signal constellations and practical (and suboptimal) coding
schemes (if any). Therefore, the uncoded part of a practical system basically transmits a set of (possibly
different) constellations simultaneously through the MIMO channel. In light of these observations, an
interesting way to design the uncoded part of a communication system is based on the gap approximation
(e.g. [26]) which basically gives the optimal bit distribution (following a water-filling allocation similar
to that of the capacity-achieving solution) under the assumption that practical constellations such as
QAM of different sizes are used. Of course, in order to reduce the complexity of a system employing
different constellations and codes, it can be constrained to use the same constellation and code in all
channel eigenmodes (possibly optimizing the utilized bandwidth to transmit only over those eigenmodes
with a sufficiently high gain), i.e., an equal-rate transmission. Examples of this pragmatic and simple
solution are found in the European standard HIPERLAN/2 [27] and in the US standard IEEE 802.11
[28] for Wireless Local Area Networks (WLAN). In any case, once the constellations to be used at each
of the substreams are known, the system can be further optimized such that each established substream

satisfies, for example, a given BER.

Hence, this paper considers the transmission of a vector of data symbols through a channel matrix
subject to (possibly different) QoS constraints given in terms of MSE, SINR, or BER. The coding and
modulation schemes used on the different substreams are assumed given and are not involved in the opti-
mization process (therefore, different services can employ different signal constellations and different error

control coding schemes yielding a general multirate communication system). Linear transmit-receive pro-

1Some very specific multiuser scenarios allow for cooperation at both sides of the link such as in DSL systems where both
ends of the MIMO system are each terminated in a single physical location, e.g., links between central offices and remote

terminals (and also private networks) [1] (see also [23]).
2A very simple example of a single-user communication with several established substreams, each with a different QoS

requirement, arises when the user wants to transmit simultaneously different services such as audio and video (since video

typically requires a higher SINR than audio).



cessing is designed to satisfy the QoS constraints with minimum transmitted power (the exact conditions
under which the problem becomes unfeasible are given). The original formulation of the problem is a
complicated nonconvex optimization problem with matrix-valued variables. With the aid of majorization
theory, however, the problem can be reformulated as a simple convex problem with scalar variables. We
propose then a practical and efficient multi-level water-filling algorithm that obtains an optimal solution
for the general case of different QoS requirements among the established substreams. The optimal solution
is shown to diagonalize the channel matrix only after a very specific pre-rotation of the data symbols. In
some situations, when the transmit power required to satisfy the QoS constraints results too large, it may
be desirable to relax some QoS requirements. By using a sensitivity analysis of the perturbed system, we
obtain the precise way to relax the QoS constraints in order to reduce the power needed. We also propose

a robust design under channel estimation errors which has an important interest for practical systems.

The paper is structured as follows. In Section 2, the signal model is introduced. Section 3 is devoted
to a brief introduction to majorization theory on which the paper is strongly based. The optimal receive
matrix is obtained in Section 4. The main result of the paper is given in Sections 5 and 6 where the
optimal transmit matrix is obtained for equal and different MSE-based QoS requirements, respectively.
A simple suboptimal solution of practical interest is also considered in Section 7. Practical considerations
such as the relaxation of the problem and the robust design under channel estimation errors are considered
in Section 8. Numerical results obtained from simulations are given in Section 9. Finally, in Section 10,

the main conclusions of the paper are given.

The following notation is used. Boldface upper-case letters denote matrices, boldface lower-case letters
denote column vectors, and italics denote scalars. €™ represents the m x n complex field. The super-
scripts (-)T, ()", and ()H denote transpose, complex conjugate, and Hermitian operations respectively.
[X]” (also [X]U

A > B denotes that A — B is positive semidefinite and a > b refers to the elementwise relation a; > b;.

) and [X] ; denote the (ith, jth) element and jth column of matrix X respectively.

By d (X) and A (X) we denote the vectors containing the diagonal elements and eigenvalues of matrix
X respectively. By diag ({Xx}) we denote a block-diagonal matrix with diagonal blocks given by the set
{X})}. The trace and determinant of a matrix are denoted by Tr(:) and || respectively. E[| denotes

mathematical expectation. We define (z)* £ max (0,z) (for matrices it is defined elementwise).

2 Signal Model

Mathematically, a MIMO channel is conveniently and compactly represented by a channel matrix. This
allows the utilization of an elegant signal vector notation. We consider the simultaneous transmission of
L symbols through a general MIMO communication channel with nt transmit and ng receive dimensions
(see Figure 1). The formulation in this paper allows values of L greater than the rank of the channel

matrix.? The signal model is

y=Hs+n (1)

3When L >rank(H), depending on the particular problem at hand, the problem may be unfeasible, i.e., without solution
(c.f. Theorems 1 and 2).
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Figure 1: Scheme of a general MIMO communication system.

where s € €"7*! is the transmitted vector, H € €™**"T is the channel matrix, y € €"#*! is the received
vector, and n € €"**! is a zero-mean circularly symmetric complex Gaussian interference-plus-noise

vector with arbitrary covariance matrix R,,, i.e., n ~CN (0, R,,).

Considering the utilization of a transmit linear processing matrix (commonly termed linear precoder),
the transmitted vector can be written as
s = Bx (2)

where B € €"7*! is the transmit matrix and x € €**! is the data vector that contains the L symbols to
be transmitted (see Figure 1). Note that the ith column of matrix B can be regarded as the beamvector
associated to the ith data symbol x;. The total average transmitted power (in units of energy per
transmission) is

Pr = E[|s|!] = Tr (BB") (3)

where we have assumed zero-mean unit-energy uncorrelated symbols,* i.e., E [xx] = Ij.
Similarly, assuming a receive linear processing matrix (usually referred to as linear equalizer), the
estimated data vector is

X = AHy (4)
where Af € @L*"% is the receive matrix (see Figure 1).

Multicarrier Signal Model
The previous general and abstract MIMO model can be readily particularized to the typical system

in which there are np transmit and ng receive dimensions (representing either antennas in a wireless
system of copper wires in a DSL system) and the channel is frequency-selective. To deal easily with the
frequency-selectivity of the channel, we take a multicarrier approach and assume the channel fixed during

the transmission block. The signal model at each carrier £ is
yr=Hpsp +n,  1<EkE<N (5)

where N is the number of carriers and ny~CN (0,R,,) (noise from different carriers is assumed un-
correlated). To take into account the possibility of transmitting a different number of symbols through
each carrier, we consider that L, symbols are transmitted at the kth carrier and, therefore, a total of
Ly = Z]kvzl Lj, symbols are transmitted. Note that the total number of transmit and receive dimensions is
now ntN and nrN, respectively. Regarding the linear processing at the transmitter and at the receiver,

two different cases are considered as we now describe (c.f. [15]):

“In case of having correlated symbols, a prewhitening operation can be performed prior to precoding at the transmitter

and the corresponding inverse operation at the receiver after the equalizer.
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Figure 2: Multicarrier MIMO channel (carrier-cooperative vs. carrier-noncooperative approaches).

e Carrier-noncooperative scheme: this is when an independent signal processing per carrier is used (see
Figure 2(a)). The transmit and receive signal model is sy= Byx;, (with a total average transmitted
power of Pr =3, Tr(B;B)) and %,= Ally;.

o (Carrier-cooperative scheme: this is a more general linear processing scheme that allows for coopera-
tion among carriers (see Figure 2(b)). The signal model is obtained (similarly to (1)-(4)) by stacking
the vectors corresponding to all carriers (e.g., x! = [xlT, e ,X%]), by considering global transmit
and receive matrices B € ¢"TN)*Lr and AH e ¢Lr*(meN) and by defining the global channel as

H = diag ({H}) € ¢"#N)x(1N)  This general block processing scheme was used in [3] to obtain a

capacity-achieving system.

It is important to realize that the carrier-noncooperative signal model can be obtained from the
more general carrier-cooperative signal model by setting B =diag ({Bx}) and A =diag ({Ay}), i.e., by
imposing a block-diagonal structure on B and A. In fact, it is this block-diagonal structure what makes
the carrier-noncooperative scheme less general and, therefore, with a worse performance than the carrier-
cooperative one as will be seen in the numerical simulations of Section 9. Intuitively speaking, the
carrier-cooperative scheme can reallocate the symbols among the carriers in an intelligent way (e.g., if one
carrier is in a deep fading, it will try to use other carriers instead), whereas the noncooperative scheme

will always transmit L symbols through the kth carrier no matter the fading state of the carriers.



3 Majorization Theory

The transmit-receive processing design addressed in this paper results in complicated nonconvex con-
strained optimization problems that involve matrix-valued variables. Majorization theory is a key tool
that will allow us to convert these problems into simple convex problems with scalar variables that can
be optimally solved. In this section we introduce the basic notion of majorization and state some basic
results that will be needed in the sequel (see [29] for a complete reference of the subject). The reader not

interested in the details of the proofs of the results in this paper can safely skip the rest of this section.
Majorization makes precise the vague notion that the components of a vector x are “less spread out”

or “more nearly equal” than are the components of a vector y.

Definition 1 For any x € IR", let
Ty S S )

denote the components of vector X in increasing order.

Definition 2 /29, 1.A.1] For any x,y € IR", x is majorized by y (or'y majorizes x) if ®

k k
dorn =Y vy 1<k<n-1
1=1 i=1
D) = 2w
i=1 i=1

and it is denoted by x <y or, equivalently, by y > x.

Definition 3 [29, 1.A.2] For any x,y € IR", x is weakly majorized by y (ory weakly majorizes x) if

k
>0

i=1

v

k
Zy(i) 1<k<n
i—1

and it is denoted by x <"y or, equivalently, by y =" x.

Note that x < y implies x <% y; in other words, majorization is a more restrictive definition than

weakly majorization.

Lemma 1 /29, p.7] For any x € IR", let 1 € IR" denote the constant vector with the ith element given
by 1; & > j=12j/n, then
x > 1.

Lemma 1 is simply stating the obvious fact that a vector of equal components has the “least spread

out” or the “most equal” components.

Lemma 2 /29, 9.B.1] Let R be an n x n Hermitian matriz with diagonal elements denoted by the vector

d and eigenvalues denoted by the vector X\, then

A~-d.

5Note that if the components of vectors x and y are assumed in decreasing order, the inequality sign of the majorization
definition is ‘<’ rather than ‘>’ [29, 1.A.1].



Lemma 3 [29, 9.B.2] For any x,y € IR" satisfying x <y, there exists a real symmetric (and therefore

Hermitian) matriz with diagonal elements given by x and eigenvalues given by y.

Lemma 3 is the converse of Lemma 2 (in fact it is stronger than the converse since it guarantees the
existence of a real symmetric matrix instead of just a Hermitian matrix). A recursive algorithm to obtain
a matrix with a given vector of eigenvalues and vector of diagonal elements is indicated in [29, 9.B.2]. In

this paper, however, we consider the practical and simple method given in [30, Section IV-A].

Corollary 1 For any A € IR", there exists a real symmetric (and therefore Hermitian) matriz with equal

diagonal elements and eigenvalues given by X.

Proof. The proof is straightforward from Lemmas 1 and 3. |

As before, such matrix can be obtained using the method given in [29, 9.B.2] or [30, Section IV-A].
However, for this particular case and allowing the desired matrix to be complex, it is easy to see that
any unitary matrix Q satisfying the condition |[Q],.| = |[Q];| Vi, &, provides a valid solution given by
Q! diag (A) Q. As an example, the unitary Discrete Fourier Transform (DFT) matrix and the Hadamard
matrix (when the dimensions are appropriate such as a power of two [31, p. 66]) satisfy this condition.
Nevertheless, the method in [30, Section IV-A] has the nice property that the obtained matrix Q is
real-valued and can be naturally decomposed (by construction) as the product of Givens rotations (where
each term performs a single rotation). This simple structure plays a key role for practical implementation.
Interestingly, an iterative approach to construct a matrix with equal diagonal elements and with a given

set of eigenvalues was obtained in [32], based also on a sequence of rotations.

Lemma 4 [29, 5.A.9.a] For any x,y € IR" satisfying 'y =" x, there exists a vector u such that

u<x and y>u

4 Optimum Receive Processing

In this section, we obtain the optimum receive matrix A for a given transmit matrix B. To start with,
consider QoS constraints given in terms of MSE for each of the L established links or substreams through
the MIMO channel:

MSE; £ E[|#; —zi)] <pi  1<i<L. (6)

Note that p; < 1 (otherwise we could simply ignore the transmission of the ith symbol and set &; = 0 at
the receiver) and p; > 0 (since a zero MSE can never be achieved unless the channel is noiseless). The

MSE matrix is defined as the covariance matrix of the error vector (given by e = % — x):
E2E[(x-x)(x—x)"] = (AYHB - 1) (BYH"A - 1) + A"R, A (7)

from which we can write MSE; = [E]..

"

The MSE of the ith substream depends only on the receive
vector a; (ith column of A) and is independent of the other receive vectors (assuming B given and fixed).
Therefore, it can be optimized independently of the others. Since the MSE; is a quadratic function of a;,

its minimum value can be found by setting its gradient to zero. The solution is given by
A = (HBB"H” + R,)” HB. ®)

7



Expression (8) is the linear minimum MSE (LMMSE) filter or Wiener filter [33] and minimizes simulta-
neously all the diagonal elements of the MSE matrix E as can be seen by “completing the squares” as
follows (from (7)):

E = (A — (HBB"H” + R,)"'HB)(HBB”H" + R,,)(A — (HBB”"H" + R,)"'HB)
+1-BYHY (MBB"H” +R,)” HB

>1-BYHY (HBB"H” + R,)” HB 9)

where we have used the fact that X +Y > X when Y is positive semidefinite. The lower bound is clearly
achieved by (8). The concentrated MSE matrix is obtained by plugging (8) into (7) (or directly from
(9)) as

— BYHY (HBBYH" +R,) ' HB

E=1
= (1+B“RyB) " (10)

where Ry 2 HPR,;'H and we have used the matrix inversion lemma.’

Thus, for any given feasible transmit matrix B (a B such that there exists some A with which the
QoS constraints can be satisfied), expression (8) will always give a feasible solution (clearly, if the A of
(8) does not satisfy some of the QoS constraints, no other A will). Note that in case that (8) produces
an MSE matrix E in which some QoS constraints are satisfied with strict inequality, there must be some
other feasible solution; however, we stick to (8) since it guarantees that for any feasible B it will always

yield a feasible solution.
The QoS constraints can also be given in terms of SINR:

SINR; 2 5L L > 1<i<I, (11)

n; g

where R,,, £ HBB”H” + R,, — Hb,bH is the interference-plus-noise covariance matrix seen by the
ith substream. It turns out that the A given in (8) also maximizes each of the SINR’s [15, 34] (although

an arbitrary scaling factor on each a; could be included) and the resulting SINR is
SINR; = b;"H"R,, 'Hb;. (12)
Using the matrix inversion lemma,® the ith diagonal element of (10) can be related to (12) as
[(1+B R,B) ™| =1/ (1+bIHIR,HD), ie.
(2

1

MSE; = ———.
SEi 1+ SINR;

(13)

Therefore, for any set of QoS constraints given in terms of SINR, an equivalent set of QoS constraints

given in terms of MSE can be straightforwardly obtained with (13).

Finally, consider QoS constraints given in terms of BER:

SMatrix Inversion Lemma: (A + BCD)™' = A~!' —~ A"'B(DA'B+C~!) ' DA



Under the Gaussian assumption,” the symbol error probability P, can be analytically expressed as a
function of the SINR [35]:

P.(SINR) = a Q (\/ﬁ SINR) (15)

where a and 3 are constants that depend on the signal constellation and Q is the Q-function defined as
Q(z) = \/%7 s e~ */2d) [35]. The BER can be approximately obtained from the symbol error probability

(assuming that a Gray encoding is used to map the bits into the constellation points) as
BER =~ P, /k (16)

where k = logy M is the number of bits per symbol and M is the constellation size. Therefore, if the
QoS constraints are given in terms of BER they can also be equivalently expressed in terms of SINR
or MSE. Note that we only consider the uncoded part of the communication system and, therefore, the
BER always refers to the uncoded BER (in practice, an outer code should always be used on top of the
uncoded part). It is worth mentioning that constraining the BER averaged over a set of substreams using
the same constellation is equivalent to constraining each substream independently to the same BER [15].

Thus, no matter whether the QoS requirements of the system specifications are given in terms of MSE;,
SINR, or BER, the Wiener filter is always optimum and, then, the problem can be formulated in terms

of MSE constraints as we consider in the rest of the paper without loss of generality.

5 Optimum Transmit Processing with Equal MSE QoS Constraints

In this section, equal QoS constraints expressed in terms of MSE as in (6) are considered:®

(1+B7R;B) | <p 1<i<L (17)

i
Each of the previous constraints is nonconvex in B (even in the simple scalar and real case, legr <p
is a nonconvex region in b). Therefore, the minimization of the transmit power subject to (17) seems
at first a formidable problem to solve. With the aid of majorization theory [29] (see Section 3), we can
reformulate the original nonconvex problem with matrix-valued variables as a simple convex problem with
scalar variables that can be optimally solved. We state this result formally in the following theorem (along
with the feasibility condition).

Theorem 1 The following nonconvex optimization problem subject to equal MSE QoS constraints:

min  Tr (BBH)

_ 18
s.t. [(I+BHRHB) 1]5,) 1<i<L, (%)
2
can be optimally solved by first solving the simple convex optimization problem:
: L

=

L
st 3 (Lo+ Xh k) <0 (19)

2 >0, 1<i<L

"Note that even when the transmitted symbols are not Gaussian distributed, the interference-plus-noise contribution seen

by each substream tends to have a Gaussian distribution as the number of transmit dimensions grows.
8Note that if equal QoS constraints are considered in terms of BER when using different constellations, the resulting QoS

constraints in terms of MSE are different as considered in Section 6.



where L is the number of established links, L £ min (L,rank (Rg)) is the number of effective channel
eigenvalues used, Ly 2 L — L is the number of links associated to zero eigenvalues, and the set {)\H,i}le
contains the L largest eigenvalues of Ry in increasing order.

The optimal solution to (18) satisfies all QoS constraints with equality and is given by B = Up 13p1Q
where Ug 1 € €L has as columns the eigenvectors of Ry corresponding to the L largest eigenvalues
in increasing order, Xp1 = [0 diag ({op;})] € CEXL has zero elements except along the rightmost main
diagonal (assumed real w.l.o.g.) which are given by U%’i =z, 1<i<L (the z;’s are the solution to the
convez problem (19)), and Q is a unitary matriz such that the diagonal elements of (I + BHRHB)71 are
equal (see [30, Section IV-A] for a practical algorithm to obtain Q or use the unitary DFT matriz or the

Hadamard matriz as discussed in Section 3). The problem is feasible if and only if p > Lo/ L.
Proof. See Appendix A. |

Now that the original nonconvex problem has been reformulated as a simple convex problem, we know
that a global optimal solution can be obtained in practice by using, for example, interior-point methods
[36, 37]. Nevertheless, the particular convex problem (19) obtained in Theorem 1 can be optimally
solved by a simple water-filling algorithm (Algorithm 1) as stated in the following proposition (by setting

p=pL—1Lo).
Proposition 1 The optimal solution to the following convex optimization problem:

min Zle zi

{zi} .
L _1 =
st D2l Ty S P )

_ +
is given (if feasible) by the water-filling solution z; = (ul/Q A; 12 _ )\;1) (it is tacitly assumed that all
the \;’s are strictly positive) where u/2 is the water-level chosen such that the MSE constraint is satisfied
with equality: Zle 1+;>\~ =p.

Furthermore, the optimal water-filling solution can be efficiently obtained in practice with Algorithm

1 in no more than L iterations (worst-case complexity). (It is assumed that p < L, otherwise the optimal
solution is trivially given by z; = 0 Vi, i.e., by not transmitting anything.)
Proof. See Appendix B. |
Algorithm 1 Practical water-filling algorithm to solve the convex problem corresponding to the design
with equal MSE QoS requirements of Theorem 1.

Input: Number of available positive eigenvalues L, set of eigenvalues {)\i}iL:l, and MSE constraint p.

Output: Set of allocated powers {zi}iLzl and water-level p*/2.

0. Reorder the \;’s in decreasing order (define A\; ;= 0). Set L=1L.

1. Setu:)\zl (if \j = Ajyq then set L=L —1 and go to step 1).

L y—1/2 ~ ~
2. If pt/? > Zﬁf(l%i), then set L =L —1 and go to step 1.

Otherwise, obtain the definitive water-level ,u1/2 and allocated powers as

'u1/2 _ ﬁ%fz(lL)\;;) o
Zi = (:“1/2 AR )\fl)Jr ;

K3 3

10



undo the reordering done at step 0, and finish.

Thus, the problem of finding a transmit matrix B that minimizes the required transmit power sub-
ject to equal MSE QoS requirements has been completely solved in a practical and optimal way. It is
remarkable that, in general, the optimal solution does not consist on transmitting each symbol through a
channel eigenmode in a parallel fashion (diagonal transmission); instead, the symbols are transmitted in
a distributed way over all the channel eigenmodes. The next section is devoted to the generalization of

this result to the case of different MSE QoS requirements.

6 Optimum Transmit Processing with Different MSE QoS Constraints

This section generalizes the results obtained in Section 5 by allowing different QoS constraints in terms
of MSE:
(1+B"RyB) | <p  1<i<L (20)
2

This problem is more general and far more complicated than the one with equal MSE constraints of the
previous section. Nevertheless, using majorization theory [29] (see Section 3) we can still reformulate the
original complicated nonconvex problem as a simple convex optimization problem that can be optimally
solved as is formally stated in the following theorem (along with the feasibility condition).

Theorem 2 The following nonconver optimization problem subject to different MSE QoS constraints

(assumed in decreasing order p; > piy1 w.l.o.g.):
min Tr (BB)
b (21)
H -1 .
s.t. [(I+B RuB) ]ngi 1<i<L,
2

can be optimally solved by first solving the simple convex optimization problem:

I{ni? Zle Zi
23
L 1 L i
s.t. Zz‘;k T, = D itk Lo Pi 1<k<l, (22)
L 1 L
Dt T+zi e, < it pi — Lo, 7

where L is the number of established links, L £ min (L,rank (Rg)) is the number of effective channel
eigenvalues used, Lo = L — L is the number of links associated to zero eigenvalues, and the set {)‘Hvi}szl
contains the L largest eigenvalues of Ry in increasing order.

The optimal solution to (21) satisfies all QoS constraints with equality and is given by B = Uy 13p51Q
where Uy 1 € €L has as columns the eigenvectors of Ry corresponding to the L largest eigenvalues
in increasing order, X g1 = [0 diag ({op;})] € CE*L has zero elements except along the rightmost main
diagonal (assumed real w.l.o.g.) which are given by Uéi =2z, 1<i<L (the z;’s are the solution to the
convez problem (22)), and Q is a unitary matric such that {(I + BHRHB)_I} =pi, 1 <k <L (see [30,
Section IV-A] for a practical algorithm to obtain Q). The problem is feasible ZZJZ‘ and only if ZiLzl pi > Lo
(a simple sufficient condition for the feasibility of the problem is the rule of thumb: L < rank (H) ?).

%In a practical situation, a threshold should be considered in the rank determination to avoid extremelly small eigenvalues

to artificially increase the rank.

11



Proof. See Appendix C. |
Noting that Zz’L:1 pi — Lo < ZZL:HLO pi (recall that p; < 1), problem (22) can be rewritten more

compactly as

min Zii’zl zi

{zi}
L L - =
2K > 0,
- for 1=1
where p; £ k=1 Pk 0 re ~ . (note that the resulting p;’s need not be in decreasing
Pi+Lo for 1<i<

ordering as the p;’s).

By Theorem 2, the original formidable problem has been reformulated as a convex problem which can
always be solved in practice using, for example, interior-point methods [36, 37]. However, as happened
with the case of equal MSE QoS requirements in Section 5, this problem can be solved with a multi-level

water-filling algorithm (Algorithms 2 and 3) as shown next.

Proposition 2 The optimal solution to the following convex optimization problem:

min Z{;l 2

{zi}
L L~ =
st Y T < Diek Pis 1<k<L,
2k > 07
o . . : . . (124172 1\t .
is given (if feasible) by the multi-level water-filling solution z; = ( fi;'~ A, -\ (it is tacitly assumed

/2

that all the \;’s are strictly positive) where the multiple water-levels /Zil ’s are chosen to satisfy:

L I - .
Z@:k ﬁz,\z < Z@:k Pi 1<k<L
L 1 L -~
Zi:l Trzi N Zi:l Pi
fik > fig—1  (fip = 0)
~ ~ L L -
(7 — i) (S e — Sl i) = 0.

Furthermore, the optimal multi-level water-filling solution can be efficiently obtained in practice with
Algorithm 2 (or with the equivalent Algorithm 3) in no more (worst-case complexity) than L (L 4 1)/2
inmer iterations (simple water-fillings) or, more exactly, L*(L + 1)/6 basic iterations (iterations within
each simple water-filling). (It is assumed that p; < 1, otherwise the optimal solution is trivially given by

zi = 0 Vi, i.e., by not transmitting anything.)
Proof. See Appendix D. |
Algorithm 2 Practical multi-level water-filling algorithm to solve the convex problem corresponding to

the design with different MSE QoS requirements of Theorem 2. Version 1. (See Figure 8 for an illustrative
example of the application of the algorithm.)

Input: Number of available positive eigenvalues L, set of eigenvalues {)\i}le, and set of MSE con-

straints {p}}{;l (note that the appropriate ordering of the X\;’s and of the p;’s is independent of this

algorithm).
Output: Set of allocated powers {zi}iLzl and set of water-levels {[Lil/Q iLzl'
0. Set L = L.

12



Outer iteration #1 Outer iteration #2  Outer iteration #3 Final solution
A A
1 r 1 r 1

O O =17 7

. | — n([12.171)
X X— =1 i

X O :D -

O O u EATY)
<—H — B 1 V

— — H([1.4])
. k=1 . _

[] = constraint satisfied with strict inequality
M = constraint satisfied with equality

[E = constraint not satisfied

Figure 3: Example of the execution of Algorithm 2 to solve the problem with different QoS requirements.

1. Perform an outer iteration.
2. If kg = 1, then finish. Otherwise set L = ko — 1 and go to step 1.

Outer iteration:

0. Set k‘o =1.

1. Perform an inner iteration: solve the equal MSE QoS constrained problem in [k, f/] using Algorithm

1 with the set of L—ko+1 eigenvalues {)\i}f’:ko and with the MSE constraint given by p = ZiL:ko Di-

2. If all intermediate constraints are also satisfied (i.e., if ZZL:k 1++z>\z < ZZL:k pi» ko < k < L), then
finish.

Otherwise, set ko equal to the smallest index whose constraint is not satisfied and go to step 1.

Note that each outer iteration implicitly computes the water-level for the set [k:o,f/] denoted by
1'% ([ko, L]); in other words, i, = u([ko, L]), ko < k < L.
Algorithm 2 was conveniently written to prove its optimality. For a practical implementation, however,

it can be rewritten in a much simpler way as in Algorithm 3.

Algorithm 3 Practical multi-level water-filling algorithm to solve the convex problem corresponding to
the design with different MSE QoS requirements of Theorem 2. Version 2.

Input: Number of available positive eigenvalues L, set of eigenvalues {)‘i}z‘L:p and set of MSE con-
straints {ﬁi}iL:l (note that the appropriate ordering of the X\;’s and of the p;’s is independent of this

algorithm,).

2\ [
i Ji=1-

Output: Set of allocated powers {zi}i]::l and set of water-levels {[i
0. Set k=1 and L = L.

1. Solve the equal MSE QoS constrained problem in [ko, f)] using Algorithm 1 with the set 0fl~L —ko+1
eigenvalues {)‘i}z‘L:k;o and with the MSE constraint given by p = Zz‘L:ko Di-

13



2. If any intermediate constraint (ZzL=k1++z>\z < Zf:kﬁi, ke < k < L) is not satisfied,
then set ko equal to the smallest index whose constraint is not satisfied and go to step 1.

Otherwise, if ko = 1 finish and if kg > 1 set L =ky — 1, ko = 1, and go to step 1.

This section has obtained the main result of the paper: an efficient and optimal way to solve in practice
the problem of finding a transmit matrix B that minimizes the required transmit power while satisfying
different MSE QoS requirements. It suffices to use the multi-level water-filling algorithm (Algorithm 3)

and then to find the proper rotation matrix Q as described in Theorem 2.

As happened in the case of equal MSE QoS constraints, the optimal solution does not generally consist
on transmitting each symbol through a channel eigenmode in a parallel fashion (diagonal transmission);

instead, the symbols are transmitted in a distributed way over all the channel eigenmodes.

7 Suboptimum Transmit Processing: a Simple Approach

At this point, it is interesting to consider a suboptimum but very simple solution to the considered
problem. The simplicity of the solution comes from imposing a diagonality constraint in the MSE matrix,
i.e., from forcing E = (I +BH RHB)_1 to have a diagonal structure. Imposing such a structure implies
that the transmission is performed in a parallel fashion through the channel eigenmodes. In Lemma 5,
we obtain such a simple solution and give the feasibility condition. Then, in Lemma 6, we state the exact
conditions under which such a constrained solution happens to be the optimum of the original problem

considered in Theorem 2.

Lemma 5 The following nonconvex optimization problem subject to different MSE QoS constraints (as-

sumed in decreasing order p; > pi+1 w.l.o.g. and bounded by 0 < p; < 1):

min Tr (BBY)
B 1
s.t. [(I+BHRHB)* }ngi 1<i<L,
(13
BARyB diagonal

is feasible if and only if the number of established links L satisfy L < rank (Rp) and the optimal solution is
then given by B =Up 1Xp 1, where Uy 1 € C" L has as columns the eigenvectors of Ry corresponding

CLXL

to the L largest eigenvalues in increasing order, denoted by {Am;}, and X1 € s a diagonal matrix

with squared-diagonal elements given by
(2

zi=Agy (' —-1) 1<i<L.

Proof. See Appendix E. |

Lemma 6 The optimal solution obtained in Lemma 5 under the diagonality constraint of the MSE ma-
tric E = (I —|—BHRHB)71 1s the optimal solution to the problem considered in Theorem 2 without the

diagonality constraint on E if and only if
A Pi > APy 1<i<L (24)
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where the p;’s are in decreasing order and the Ap;’s are the L largest eigenvalues of Ry in increasing

order. Note that this condition implies the feasibility condition L < rank (Rp).

The conditions in (24) can be stated in words by saying that the singular values of the whitened channel
\1/2

17 have to increase at a slower rate than the decrease of the MSE constraints p;.

Proof. See Appendix F. |

As an example, the conditions of Lemma 6 are always satisfied for channels with equal singular values
(this corresponds to a diagonal squared channel matrix Ry) and, consequently, a parallel transmission is

always the optimum structure for such channels.

Another interesting example arises for systems with equal MSE constraints as treated in Theorem 1,

for which the conditions in (24) are never satisfied (unless the squared-channel has equal eigenvalues).

8 Practical Implementation Issues

In this section, we consider interesting issues for practical implementations such as the relaxation of the

QoS constraints and the robust design under channel estimation errors (imperfect CSI).

8.1 Relaxation of the QoS Requirements

In situations where the problem is feasible but the required transmit power exceeds some prespecified
maximum level, the system may be forced to relax some QoS requirements so that the required power is
reduced. For that purpose, we identify which QoS constraints produce the largest reduction in transmit
power when relaxed by means of a perturbation analysis. The questions of whether and when these
relaxations are necessary is a high-level decision'® that may depend on factors as disparate as the energy
left on the batteries at the transmitter or the number of services/users requesting a link. Such high-level

decisions are out of the scope of this paper.

It is well known from convex optimization theory [36, 37] that the optimal dual variables (Lagrange
multipliers) of a convex optimization problem give useful information about the sensitivity of the optimal
objective value with respect to perturbations of the constraints. Consider the following relaxation of the
original QoS constraints of (6):

MSE; < p; + u; (0;) (25)

where wu; (0;) is a positive differentiable function parameterized with §; such that wu; (6;) 5_>+ 0. By
i—0

Theorem 2, the relaxed problem in convex form is (for simplicity of exposition we consider L < rank (H)
in (22)):
min Yz
{z:}
st ik T S Dk s T (8)  1<k<L,
2k > 0.

10 Advanced communication systems are envisioned to exploit cross-layer signaling to further control the performance of

the whole system.
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where 1y, (6) 2 ZZL:k u; (6;) and =16y, - -+, 01]7. Defining p* (11) as the optimal objective value of the
relaxed problem as a function of @ =[iy, - - , @], the following local sensitivity result holds [36, 37]

(note that the problem satisfies the Slater’s condition and therefore strong duality holds):

op*
Dty |50

pi = (26)
where 47 is the Lagrange multiplier of the Lagrangian of the relaxed problem (similar to (36)) at

an optimal point. Using the chain rule for differentiation o — Zﬁzl % %léf, noting that 8%’“—5(1_5) =

00;

., and using (26), it follows that
0 otherwise

op*
06;

_ ~ % 8ul (52)
8=0 ' dd; 8=0

(27)

where we have defined fi¥ = 22:1 -

The largest value of _%_1(;: s_o for 1 < i < L indicates the QoS constraint that should be relaxed in

order to get the largest reduction of the required transmitted power. Note that the optimal fi;’s used in
(27) are readily given by the water-levels implicitly obtained in Algorithms 2 and 3: for each subblock
[k1, k2] of the partition on [1, L], choose fip = w([k1,k2]) k1 < k < kg. The term augééi) 5o in (27)

7

depends on the particular cost function that relates the QoS in terms of MSE as used in the problem
formulation and the QoS as seen by the service/user which can be in terms of MSE, SINR, or BER. We
consider now a few examples.

Ezxample 1: MSE; < p; +9;

In this case, it follows that 9p”

8%—;?") = 1 and therefore %5~ 50 —iy. The largest fif is given by i}
(or any other i belonging to the same water-filling subblock as obtained in Appendix D). This means
that the best way to relax the constraints in this case is by relaxing the tightest constraint.
Ezample 2: MSE; < BER™ (p; (1 +6;))

In this example, the QoS are given in terms of BER. The relaxation can be expressed as MSE; <

pi + ui (0;) by defining p; £ BER™! (p;) and w; (6;) £ BER™! (p; (1 +6;)) — BER™! (p;). Tt follows that

Oui(6;) _ OBER™!(pi(1+4;))

As a final remark, note that the previous sensitivity analysis is local and, therefore, the relaxation of
the QoS constraints has to be performed in sufficiently small steps (recall that the decreasing order of the

pi’s must be kept at each step).

8.2 Robust Design under Channel Estimation Errors

Hitherto, perfect CSI has been assumed at both sides of the link. A common problem in practical
communication systems arises from channel estimation errors (see [38] and references therein). Whereas
a sufficiently accurate CSI at the receiver (CSIR) can be assumed in many cases, CSI at the transmitter
(CSIT) will be far from perfect in any realistic situation (see [19] for a description of channel estimation
strategies in real systems). Hence, as a first approximation, we assume perfect CSIR and imperfect CSIT

(further work has do be done to consider imperfect CSIR as well, c.f. [34]).
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Under the assumption of perfect CSIR, the optimal receive matrix is still given by (8) for any transmit
matrix B. The receiver, however, instead of taking the channel estimate H as perfect (naive approach),

will take a robust approach by considering that the real channel H can be written as
H=H+Hjy (28)

where Ha represents the channel estimation error bounded as ||[Ha|| < eg [18, 19] or as |[Ha| /|[H|| < €
for some small ey or € (both constraints are equivalent if ez £ ¢||HJ|). Assuming that the channel has
already been whitened (estimation errors on the noise covariance matrix can be explicitly considered [34]),
we can write Ry = Ry + Ra where Ry 2 HH and Ra 2 H7Ha + H{H + HUH,. Taking the
maximum singular-value norm [|X|| £ opax(X), it follows that [A; (Ra) — %] < 2ey omax(H) [34]. Since

A

ey < omax(H), we can ignore the quadratic term and finally write:

Ry = Ry + Ra, |Ai (Ra)| < €r, (29)

A

where er = 2€ omax(H) and we have made explicit the inherent constraints on Ra to guarantee the
positive semidefiniteness of Ry. (If the Frobenius norm is used instead of the maximum singular-value

norm, similar bounds on \; (Ra) are obtained.)
Therefore, the robust design can be formulated (similarly to (21)) as
min Tr (BBH )
B
st.  max [(I +BHRHB)’1} <p,  1<i<L,
2

Ry

Ry = f{H + Ra Rua: [Xi(Ra)| <er,

From (29) and using the eigendecomposition Ry =UyD Hﬁg, the eigenvalues of Ry can be shown
to be lower-bounded as A; (Ry) > (\i(Ry) — eg)* or, equivalently,

- N N + .
Ry > Ry 2 Uy (DH _ eRI) ol

Using the fact that Ry > Ry = (I + BHRHB)f1 < (I + BHRHB)A7 the robust problem formulation

of (30) can be equivalently and compactly written as
min  Tr (BBY)
B 1
st. |I+BRyB) | <p 1<i<L.

7

Thus, a robust design can be easily implemented in practice simply by using the lower bound Ry
instead of the estimated channel matrix RH in the solution obtained in Sections 5 and 6.11 As a final
remark, it is worth pointing out that a different robust approach based on the Bayesian philosophy can

also be taken as opposed to the considered worst-case robust approach (c.f. [34]).

11n a practical implementation, care has to be taken so that the problem does not become unfeasible due to the reduction
of the eigenvalues. To avoid this, the value of er should be monitored and, if necessary, decreased so that the feasibility

condition obtained in Theorems 1 and 2 is always satisfied.
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9 Simulations

For the numerical simulations, we consider a wireless communication system with multiple antennas at
both sides of the link (in particular 4 transmit and 4 receive antennas).'? Unless otherwise stated, perfect
CSI is assumed at both sides of the communication system. The channel model includes the frequency-
selectivity and the spatial correlation as measured in real scenarios. The MIMO channels were generated
using the parameters of the European standard for Wireless Local Area Networks (WLAN) HIPERLAN/2
[27], which is based on the multicarrier modulation OFDM (64 carriers were used in the simulations). The
frequency selectivity of the channel was modeled using the power delay profile type C for HIPERLAN /2
as specified in [39], which corresponds to a typical large open space indoor environment for non-line-of-
sight conditions with 150ns average r.m.s. delay spread and 1050ns maximum delay (the sampling period
is 50ns [27]). The spatial correlation of the MIMO channel was modeled according to the Nokia model
defined in [40] (for the uplink) as specified by the correlation matrices of the envelope of the channel
fading at the transmit and receive side. It provides a large open indoor environment with two floors,
which could easily illustrate a conference hall or a shopping galleria scenario (see [40] for details of the

model). The matrix channel generated was normalized so that 3, E[|[H(n)];; ?]=1.

The results are given in terms of required transmit power at some outage probability Py, i.e., the
transmit power that will not suffice to satisfy the QoS constraints only with a small probability Pyt
(it will suffice for (1 — P,yt) of the time). In particular, we consider an outage probability of 5%. The
reason of using the outage power instead of the average power is that, for typical systems with delay
constraints, the former is more realistic than the latter which only makes sense when the transmission
coding block is long enough to reveal the long-term ergodic properties of the fading process (no delay
constraints). Instead of plotting absolute values of the required transmit power, we plot relative values of
the transmitted power normalized with the noise spectral density Ny. We call this normalized transmitted
power SNR which is defined as SNR = Tr (BB”) / (N x Ny) '* where N is the number of carriers. Note
that the plots are valid only for the channel normalization used.

In the following, numerical results for the proposed methods obtained in Section 5 and 6 are given
(Algorithm 1 for equal MSE QoS requirements and Algorithm 3 for different MSE QoS requirements). As
a means of comparison, the simple benchmark obtained by imposing the diagonality of E as obtained in
Section 7 is also simulated. We consider two multicarrier approaches as described in Section 2: the carrier-
cooperative scheme and the carrier-noncooperative scheme. Note that the total number of established
substreams is N x L where L denotes the number of spatial dimensions used per carrier.

Equal QoS Constraints
We now consider equal QoS requirements in terms of BER which correspond to equal QoS requirements

in terms of MSE because the same constellation (QPSK) is used on all the substreams.

In Figure 4, the SNR per spatial dimension SNR/L is plotted as a function of L subject to equal QoS

121y [23], numerical simulations were performed for a DSL system using realistic channel models. First, a bit distribution
was performed using the gap approximation and then the proposed methods (Algorithms 1-3) were utilized to obtain the

optimum transmit-receive processing to achieve a symbol error probability of 10~7 with minimum transmitted power.
3Note that such an SNR definition is a measure of the total transmitted power per symbol (normalized with Np) and does

not correspond to the SNR at each receive antenna.
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Outage SNR/L (Pom=5%) vs. L for QPSK (nT:4, n.=4, BER=1.00e-003)
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Figure 4: Outage SNR per spatial dimension vs. the number of spatial dimensions utilized L when using QPSK in
a multicarrier 4 x 4 MIMO channel with an equal QoS for all substreams given by BER< 1073.

Outage SNR (Pam:S%) vs. BER for QPSK (L=3, n=4, nR:4)
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Figure 5: Outage SNR vs. the equal QoS constraints given in terms of BER when using QPSK in a multicarrier
4 x 4 MIMO channel with L = 3.

requirements given by BER = 1073. For L = 3, the gain over the benchmark is about 2dB. For L = 4,
the gain is of 7dB for the carrier-noncooperative scheme and of 12dB for the carrier-cooperative scheme.
The required power for L = 4 increases significantly with respect to L = 3 and therefore we choose the

latter for the rest of the simulations.

In Figure 5, the SNR is given as a function of the (equal) QoS constraints in terms of BER for L = 3.
It can be observed that the gain over the benchmark is about 2-3dB and constant for all range of the BER.
Cooperation among carriers improves the performance in no more than 0.5dB. Given that the carrier-
noncooperative scheme has an attractive parallel implementation (since each carrier is independently

processed), it may be an interesting solution for a practical and efficient implementation.
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Outage SNR (Pom:S%) vs. BER for QPSK (L=3, n.=4, nR:4)
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Figure 6: Outage SNR vs. the different QoS constraints given in terms of BER when using QPSK in a multicarrier
4 x 4 MIMO channel with L = 3. (The BER of the first substream is along the x-axis and the BER of the second
and third substreams are given by scaling with the factors 0.5 and 0.1.)

Different QoS Constraints

We now generalize the set-up by considering different QoS constraints both in terms of BER and MSE

(since the same constellations are used on all the substreams).

In Figure 6, the SNR is plotted as a function of the nominal QoS corresponding to the first substream
(the QoS constraints for the others substreams are obtained by scaling this nominal QoS constraint with

the factors 0.5 and 0.1). Similar observations to those corresponding to Figure 5 hold in this case.
Relaxation of the QoS Requirements

In Figure 7, an example of a relaxed system is given (as explained in Section 8). The relaxed-I
case consists of 10 relaxations per carrier with § = 0.1 of the form MSE; < BER™! (pl- 105i) (note that
an extreme case of this series of relaxations amounts to increasing the BER of a single substream one
order of magnitude) and the relaxed-II case consists of 10 additional relaxations of the same type. As
is observed, a significant reduction of the required transmit power can be achieved at the expense of the

relaxation of some QoS requirements (recall that these relaxations are done in an optimal way).
Robust Design under Channel Estimation Errors

The estimated channel matrix contains a random estimation error drawn according to a Gaussian
pdf with zero mean and uncorrelated elements with variance a%{ = 0.01. The noise covariance matrix
is assumed white and perfectly known. In a real system, the upper bound on the norm of the channel
estimation error for the robust design (see (28)) should be chosen such that it is satisfied with high
probability; otherwise an outage event is declared. For an outage probability of 5%, the upper bound on
the norm should be chosen as eg ~ /14.6645 X J%{ for the case of 4 transmit and 4 receive antennas. In
practice, however, this value results unnecessarily high due to the pessimism inherent in all bounds used
in subsection 8.2 to derive the worst-case design. Therefore, to overcome such excessive pessimism, it is

necessary to include in ey an additional factor auy which has to be found by numerical simulations (in
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Outage SNR (Pou(=5%) vs. BER for QPSK (L=3, n=4, nR:4)
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Figure 7: Outage SNR vs. the different QoS constraints given in terms of BER for the original carrier-cooperative
method and for two succesive series of relaxations when using QPSK in a multicarrier 4 x 4 MIMO channel with
L = 3. (The BER of the first substream is along the x-axis and the BER of the second and third substreams are
given by scaling with the factors 0.5 and 0.1.)

this case, ay = 1073).

In Figure 8, the required SNR and the obtained BER are plotted as a function of the desired BER given
as a QoS constraint for three different cases: exact design with perfect CSIT, naive design with imperfect
CSIT, and worst-case robust design against imperfect CSIT (in all cases, perfect CSIR is assumed). The
exact design achieves exactly the desired BER as expected. The naive design simply uses the estimated
channel and does not satisfy the QoS constraints (in more than one order of magnitude for a BER of 10~*
and 107°). The robust design, however, manages to satisfy the QoS requirements due to its robustness

at the expense of an increased transmit power (which is the price to be paid for robustness).

10 Conclusions

This paper has dealt with the optimization of the transmission of a vector signal through a matrix channel
using linear processing both at the transmitter and at the receiver. In particular, the minimization of
the transmitted power has been considered subject to (possibly different) QoS requirements for each of
the established substreams in terms of MSE, SINR, and BER. Although the original problem formulation
is a complicated nonconvex problem with matrix-valued variables, by using majorization theory we have
been able to reformulate it as a simple convex optimization problem with scalar variables. To optimally
solve the convex problem in practice, we have proposed a practical and efficient multi-level water-filling
algorithm. For situations in which the required power results too large, a perturbation analysis has been
conducted to obtain the optimal way in which the QoS requirements should be relaxed in order to reduce
power needed. Furthermore, we have proposed a simple robust design under channel estimation errors

which has an important interest in practical systems.
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Outage required SNR (Pcul:S%) vs. desired BER for QPSK (L=3, nT:4, nR:4)
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Figure 8: Outage required SNR and obtained BER vs. the required BER for the (carrier-noncooperative) exact,
naive, and worst-case robust methods when using QPSK in a multicarrier 4 x 4 MIMO channel with L = 3. (The
BER of the first substream is along the x-axis and the BER of the second and third substreams are given by scaling
with the factors 0.5 and 0.1.)
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Appendices

A  Proof of Theorem 1

We first present a lemma and then proceed to the proof of Theorem 1.

Lemma 7 [15] Given a matriz B € €"7*F and a positive semidefinite Hermitian matriz Ry € €"7*"T
such that BERyB is a diagonal matriz with diagonal elements in increasing order (possibly with some
zero diagonal elements), it is always possible to find another matriz of the form B = Up1X¥p1 of at
most rank L 2 min (L,rank (Ry)) that satisfies BYRyB =B RyB with Tr(BB? )< Tr(BBY), where
Up € €L has as columns the eigenvectors of Ry corresponding to the L largest eigenvalues in
increasing order and ¥p1 = [OLX(L,L) diag ({0B,i})i | € CE*L has zero elements except along the

rightmost main diagonal (which can be assumed real w.l.o0.g.).
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Proof of Theorem 1. First rewrite the original problem as
min Tr (BBH )
B

st. max|(1+B"RyB)™| <p.
(2 {2

(]

Note that this problem is exactly the opposite formulation of one of the design criteria considered in [15]

(the MAX-MSE criterion) where max; [(I +BY RyB) _1} ~was minimized subject to a power constraint
7

Tr (BBH ) < Pr.* We claim that matrix E = (I +BH RHZB)_1 must have equal diagonal elements at an
optimal point and that the QoS constraints must be all satisfied with equality. Otherwise, by Corollary
1, we could find a unitary matrix Q with Q” EQ having identical diagonal elements equal to %Tr (E)
(this amounts to using BQ as transmit matrix instead of B). Since + Tr (E) < max; [E];; with equality if
and only if all diagonal elements of E are equal, using BQ would satisfy all QoS constraints with strict
inequality and the objective value could be further minimized by scaling down the whole transmit matrix.

Therefore, the problem can be rewritten as
min Tr (BBH )
B

st (I+ BHRHB)_1 with equal diag. elements
L1 (1+BYRyB) ' <p.

By Corollary 1, it follows that for any given B we can always find a unitary matrix Q such that
Qf (I + B RHB)71 Q has equal diagonal elements. Therefore, we can decompose B as B = ]§Q, where
B does not have to be chosen such that (I+]§H RH]~3)_1 has equal diagonal elements since the unitary
matrix Q is responsible for that. Furthermore, to simplify the problem, we can impose the condition that
BARyB is diagonal w.l.o.g. It is important to remark that imposing a diagonal structure on BY’Ry;B
does not affect the problem since the objective value remains the same Tr(BB) = Tr(BB¥) and the
QoS constraint also remains unchanged Tr (I —|—BHRHB)71 = Tr(I+BPRyB)~'. In addition, since
BZRyB is diagonal, the unitary matrix Q such that Q* (I+]§H RHB)_lQ has equal diagonal elements
can be found with the practical algorithm given in [30, Section IV-A] or simply by using the unitary DFT

matrix or the Hadamard matrix as discussed in Section 3.

The problem can be finally written as

min Tr (]3 BH)
B
st. BYRyB diagonal

LT (1+BPRyB) ™ <.

Since BYRyB is diagonal, B can be assumed without loss of optimality (by Lemma 7) of the form
B=U H,1%p,1 where Up € C"TXL has as columns the eigenvectors of Ry corresponding to the L2
min (L, rank (Rp)) largest eigenvalues in increasing order and ¥p; = [0 diag ({op;})] € €L has zero
elements except along the rightmost main diagonal (assumed real w.l.o.g.). The problem formulation of

(19) follows by defining z; £ 0%, and denoting with the set {)\H,i}le the L largest eigenvalues of Ry

Both problems are equivalent in the sense that they both describe the same curve of required power Pr for a given MSE
constraint p (in the considered case the curve is parameterized with respect to p, Pr (p), and in [15] the curve is parameterized

with respect to Pr, p(Pr)).
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in increasing order. Note that the term Lo 2 L — L in (19) arises from the zero diagonal elements of
BYRyB.

Rewriting the MSE constraint in (19) as Zle m < pL — Ly, it becomes clear that it can
be satisfied for sufficiently large values of the z;’s (equivalently, the problem is feasible) if and only if

p>L0/L. |

B Proof of Proposition 1

We first obtain the closed-form solution to the problem using convex optimization theory [36, 37] and

then proceed to prove the optimality of Algorithm 1.
Optimal Solution. The Lagrangian corresponding to the constrained convex problem is

L

L L

1 -

L’:Zzi—i—,u Zm—P —Z%‘%
i=1 =1 1=1

where p and the 7;’s are the dual variables or Lagrange multipliers [36, 37]. The water-filling solution

is easily found from the sufficient and necessary Karush-Kuhn-Tucker (KKT) optimality conditions (the

problem satisfies the Slater’s condition and therefore strong duality holds) [36, 37]:

L 1
— <9 ;> 1
Zi:l 1+ZZ)\Z =P ZZ_O (3 )
Ai
I +yi=1 (33)
(1 + Zi)\z)z '

L 1 N
p <Zi:1 Tran P) =0, %= =0 (34)

Note that if 4 = 0, then v; = 1 Vi and z; = 0 Vi, which cannot be since the MSE constraint would not
be satisfied because it was assumed that p < L. If z; > 0, then +; = 0 (by the complementary slackness
condition 7;z; = 0), H(H;\#Z)Q = 1 (note that uA; > 1), and z; = pl/? )\;1/2 — )\;1. If z; = 0, then
wA; +vi =1 (note that u\; <1). Equivalently,

2 = Nl/z)\i—lm—)\;l if ,U,)\i>1
' 0 it p <1

or, more compactly,
(2

L 1

where ,ul/ 2 is the water-level chosen such that Zi:l T

= p. This solution satisfies all KK'T conditions
and is therefore optimal.

Optimal Algorithm. Algorithm 1 is based on hypothesis testing. It first makes the assumption that
all L eigenmodes are active (z; > 0 for 1 < i < L) and then checks whether the MSE constraint could be
satisfied with less power, in which case the current hypothesis is rejected, a new hypothesis with one less

active eigenmode is made, and so forth.
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In more detail, Algorithm 1 first reorders the eigenvalues in decreasing order. With this ordering, since

+ -
iz = (Hl/ 2 )\Z-l/ Z_ 1) , a hypothesis is completely described by the set of active eigenmodes L (such
that z; > 0 for 1 <i < L and zero otherwise). This allows a reduction of the total number of hypotheses

from 2 to L. The initial hypothesis chooses the highest number of active eigenmodes L = L.

For each hypothesis, the water-level ,ul/ 2 must be such that the considered L eigenmodes are indeed

active while the rest remain inactive:

D W | 1
1/ )\;1/2 _ )\i—1 <0 i

IA A
b« b'l

or, more compactly,
—-1/2

—-1/2 1/2
A< pt <L )\L+1

L

where we define A\; £ 0 for simplicity of notation. Assuming that A i # A, (otherwise, the hypothesis
is clearly rejected since the set of possible water-levels is empty), the algorithm checks whether the QoS
constraint can be satisfied with the highest water-level of the subsequent hypothesis p!/? = )\gl/ 2, in which
case the current hypothesis is rejected since the QoS constraint can be satisfied with a lower water-level
and, equivalently, with lower z;’s (a reduced power). To be more precise, the algorithm checks whether
Zle ﬁ = (L-L)+ )\2/2 2521 )\;1/2 < p or, equivalently, whether )\51/2 > %

If the current hypothesis is rejected, the algorithm forms a new hypothesis by decreasing L to account
for the decrease of the water-level. Otherwise, the current hypothesis is accepted since it contains the
optimum water-level that satisfies the QoS constraint with equality (removing more active eigenmodes
would keep the QoS constraint away of being satisfied and the addition of more active eigenmodes has
already been tested and rejected for requiring a higher power to satisfy the QoS constraint). This reasoning
can be applied as many times as needed for each remaining set of active eigenmodes. Once the optimal
set of active eigenmodes is known, the active z;’s are obtained such that the QoS constraint is satisfied

with equality and the definitive water-level is then

MuzzjiéLﬁjz_
)

By the nature of the algorithm, the maximum number of iterations (worst-case complexity) is L. |

C Proof of Theorem 2

We prove the theorem in two steps. First, we show the equivalence of the original complicated problem
and a simpler problem and, then, we solve the simple problem.
The original problem in (21) (problem P1) is equivalent to the following problem (problem P2):
min Tr (BBH )

B
st. BfRyB diagonal

d ((1+B*RyB) ") =¥ p
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Intuitively, the second constraint will guarantee the existence of a unitary matrix Q such that
d (QH(I+]§HRH1~3)_1Q) < p (note the difference with respect to the case with equal MSE constraints
for which there always exists Q such that E has equal diagonal elements by Corollary 1). To prove the
equivalence of both problems, it suffices to show that for any feasible point B of problem P1 (i.e., a point
that satisfies the constraints of the problem) there is a corresponding feasible point B in problem P2 with
the same objective value, i.e., Tr (BBH ) = Tr(]éBH ), and vice-versa. Therefore, solving one problem is

tantamount to solving the other problem.

We prove first one direction. Let B be a feasible point of problem P1 with objective value Tr (BBH )
Define Ag£A ((I + BHRHB)A) and dg=d ((I + BHRHB)fl). Since B is feasible, dg < p and,
therefore, dp =" p (see Definition 3). It then follows by Lemma 2 that Ap =" p (Ap > dp = Ap =" dp).
Find a unitary matrix Q that diagonalizes BPRyB and define B = BQ. It is straightforward to check
that B is a feasible point of problem P2 (clearly BARyB is diagonal by selection of Q and, therefore,
d; = A5 = Ap =" p) with the same objective value (Tr(BBY) = Tr (BBH)).

We prove now the other direction. Let B be a feasible point of problem P2. Since A 5=dg =" p, by
Lemma 4, there exists a vector p such that p < p and Az = p. We can now invoke Lemma 3 to show
that there exists a unitary matrix Q such that d (QH(I+]§HRH1~3)_1Q) = p < p. Defining B = BQ
(choosing Q such that the diagonal elements of (I +BH RHB)71 are in decreasing order), we have that B
is a feasible point of problem P1 (d ((I + BHRHB)_l) < p or, equivalently, [(I + BHRHB)_I] < pi)-
Note that if B is such that d 5 = p, then B will satisfy the constraints of problem P1 with equaﬁty and

vice-versa.

Now that problems P1 and P2 have been shown to be equivalent, we focus on solving problem P2 which
is much simpler than problem P1. Since in problem P2 matrix BIRyB is diagonal with diagonal elements
in increasing order (recall that the diagonal elements of (I+B” Ry B)~! are considered in decreasing order
because the p;’s are in decreasing order by definition), Lemma 7 can be invoked to show that B can be
assumed without loss of optimality of the form B=U 12,1 where Up; € €"m*L has as columns
the eigenvectors of Ry corresponding to the L £ min (L,rank (Ry)) largest eigenvalues in increasing
order and X p; = [0 diag ({oB,})] € CL*L has zero elements except along the rightmost main diagonal
(assumed real w.l.o.g.). Writing the weakly majorization constraint of problem P2 explicitly according
to Definition 3 (note that Zf;l P = Zf’:L_kH pi because the p;’s and the p(;)’s are in decreasing and
increasing ordering, respectively, and the same applies to the diagonal elements of (I + B RHB)il),
defining 2z £ Uéi, and denoting with the set {)‘H,i}fﬂ the L largest eigenvalues of Ry in increasing
order, the problem reduces to

. L
min D0 %
L L
s.t. Zi:k—VLo #)\H,z < Zi:k i Lo< k<L,
(Lo —k+1) + 20wy < Dicwpi 1<k < Lo,

2z > 0,

Note that the term Ly £ L — L for the range 1 < k < Ly arises from the zero diagonal elements of
BYRyB.
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To be exact, the explicit weakly majorization constraint should also include the ordering constraints:

1 1 )
1<k<L. (35)

T+zgAge — 1+ 201 Ag k1

Note that the remaining ordering constraints are trivially verified since 1 > . However, it is not

necessary to include such ordering constraints since an optimal solution always satisfies them. Otherwise,
we could reorder the terms (z; Amr;)’s to satisfy (35) and the solution obtained this way would still satisfy
the other constraints of the convex problem with the same objective value. At this point, however, the
Am,i’s would not be in increasing order and, by Lemma 7, this is not an optimal solution since the terms

(2i Am,i)’s could be put back in increasing order with a lower objective value.

The problem formulation of (22) follows by noting that, since p; < 1, the constraints for 1 < k < Ly
imply and are implied by the constraint for k = 1: 25:1 ﬁ < 25:1 pi — Lg. This constraint can
be satisfied for sufficiently large values of the z;’s (equivalently, the problem is feasible) if and only if

ZZ‘L:1 pi > Lo (the constraints for Ly < k < L can always be satisfied).

It is straightforward to see that 25:1 ﬁ < Zle pi — Lo must be satisfied with equality at an
optimal point. Otherwise, z; could be decreased until it is satisfied with equality or z; becomes zero
(in which case, the same reasoning applies to zo and so forth). This means that an optimal solution to

problem P2 must satisfy d ((I+]§H RHB)_1> > p, which in turn implies that the QoS constraints in
problem P1 must be satisfied with equality: [(I + BHRHB)_I} =i |

(22

D Proof of Proposition 2

We first present a lemma and then proceed to prove Proposition 2.

Lemma 8 In Algorithm 2 (for different QoS constraints), the water-level of each outer iteration (if more

than one) is strictly lower than that of the previous iteration.

Proof. Let p([k1, k2]) denote the squared water-level when applying the single water-filling of Algorithm
1 on [ky, ka].

For any outer iteration that has more than one inner iteration (by inner iteration we refer to one
execution of steps 1 and 2 of the outer iteration), after the first inner iteration we obtain kg which is
the smallest index whose constraint Zfzko 1++2/\1 < Ziizko pi is not satisfied. It follows that pu([1,L]) <
w([ko, L]) because the squared water-level obtained in the first inner iteration p([1, L]) was not high enough
to satisfy the constraint at ky and has to be strictly increased. It also follows that u([k, L]) < u([1,L])
for 1 < k < kg since the water-filling over [1, L] also satisfies the constraints for 1 < k < ky. Therefore,
we have that u([k, L]) < p([ko, L]) for 1 < k < ky. The same reasoning applies to all subsequent inner

iterations. Thus, after each outer iteration on [1, L], we have that u([k, L]) < u([ko, L]) for 1 < k < ko.
The following outer iteration (if any) is on [1,kp —1]. Any water-filling performed in this outer
iteration verifies yu ([k, ko — 1]) < p([k, L]) for 1 < k < ko — 1 as we now show. Using p([k, L]) on [k, L]
implies that the constraint is satisfied with equality Z;:k 1++2/\1 = Zfzk pi- We have shown before
that w([ko, L]) > p([k, L]) for 1 < k < ko; therefore, using pu([k, L]) only on [k, ko — 1] and pu([ko, L]) on

[ko, L] the constraint is satisfied with strict inequality, ZZL:k H_% < ZZL:k pi which can be rewritten as
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Fol_L_ o Skor 1pZ recalling that 1 _yiL p; since we are using u ko, L]) in that
i=k i=k i=ko

T+ N i= ko THzix
range). Since using u([k, L]) only on [k, kg — 1] implies Zko ! 1+;¢/\¢ < Zfokl pi and using p ([k, ko — 1))
implies Zko ! 1+ii/\1 = Zfokl pi (by definition), it follows that u([k, L]) > pu ([k, ko — 1]).

Finally, since p([k,ko —1]) < p([k,L]) and u([k,L)) < p([ko,L)), it follows that s ([k, ko —1]) <
u([ko, L)) for 1 < k < ko. In other words, the water-level of each outer iteration is strictly lower than that

of the previous one. [ |

Proof of Proposition 2. We, first, obtain the closed-form solution to the problem using convex opti-

mization theory [36, 37] and, then, proceed to prove the optimality of Algorithm 2.

Optimal Solution. The Lagrangian corresponding to the constrained convex problem is

L L L L
L= 2+ m Zl+z sz = W 2, (36)
k=1 k=1 idi k=1

where the pp’s and the ~;’s are the dual variables or Lagrange multipliers [36, 37]. The water-filling
solution is easily found from the sufficient and necessary KKT optimality conditions (the problem satisfies

the Slater’s condition and therefore strong duality holds) [36, 37]:

L 1 L
< 5 >
S ey azo @)
pr > 0, >0 (38)
k As
i) s =1 (39)
<Z‘:1 > (1 + 2z \p)?

i1 L
ik <Zzzk T > p ) —0, i 2% = 0. (40)

It is important to point out here that p; cannot be zero at an optimal solution as we now shown.

If py1 = 0, then 74 = 1 and 2z, = 0. It follows then from the 1nequahty ZZ 1 1+21 T < Zle p; and

using the trivial assumption that p; < 1, that Z < Zi:2 pi (note the strict inequality), which

=2 1+z i
in turn implies that pus = 0. This reasoning can be repeatedly applied for k = 2,--- , L to show that if
@1 = 0 then pg = O Vk, but this cannot be since it would imply that zy = 0 Vk and then the constraints

ZZL k 1+z1 v g Z Tk pl 1 < k < L would not be satisfied. Thus, it must be that u1 > 0 which implies

that ZZ 1 1+Z T = lel Di-
By defining fi, £ Zle Wi, the KKT conditions involving the ug’s can be more compactly rewritten
as (define jig = 0):
ik = fls—1 1<k<L
Ak =1 (41)
(i~ i) (S i — S i) =0

~ Ak _
s ST = 1 (note that

[k A > 1), and zg = ﬂ,lﬁﬂ )\,;1/2 — )\,;1. If z;, = 0, then fix A+ = 1 (note that fix Ay < 1). Equivalently,

If z;, > 0, then 75 = 0 (by the complementary slackness condition ~ z; = 0)

~1/2 \—1/2 1 e -
2 = “k;/ A 2 )\kl if A >1
0 if A <1
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or, more compactly,
~1/2 \—1/2 —1\*
2k = (:“k/ AL / —)\kl)

/2

where the water-levels ﬂ,lg ’s are chosen to satisfy the remaining KKT conditions:

Zf:kﬁgzékﬁi 1<k<L
ZiLzl ﬁm - Zle pi

P > fie—1 (flo Vé 0) i}

(P — fik—1) (ZiL:k i~ Lick ﬁi) -0

This solution satisfies all KKT conditions and is therefore optimal.

Optimal Algorithm. We now prove the optimality of the solution given by Algorithm 2 (and also
of the equivalent Algorithm 3) by showing that the solution it gives satisfies the KKT conditions (37)-
(40). Note that after running Algorithm 2, the set [1,[2} is partitioned into subsets, each one solved
by a single water-filling given by Algorithm 1. By the construction of the algorithm, the constraints
Zf:k; 1++z>\z < ZZL:k p; are clearly satisfied. Since the algorithm produces a partition on the set [1,L}
(each subset solved by a single water-filling) the following conditions are necessarily satisfied (from (31),
(32) and (34)):

2,20, % >0, and gz, =0.

The remaining conditions are given by (41). If for each subblock of the partition on [1,[2], [k1, ko], we
choose fip = p([k1,ke]) k1 < k < ko, it can be readily checked that they are satisfied. From Lemma

8, it follows that fip > [ip_1 is verified. Also, ﬁkﬁ + v = 1 is satisfied by the nature of the
k\k

)

single water-filling solution (see (33)). Finally, since on each subblock [k, k2] the water-level is fixed,
it follows that (ﬁk — [lg—1) = O for k1 < k < kg and that Zfikl 1+ii)\i = fikl pi; hence, condition
(A — fk—1) (ZzL:k T — Lk p}) = 0 is satisfied for k1 < k < ko.

The worst-case number of outer iterations in Algorithm 2 is L and the worst-case number of inner

iterations (simple water-fillings) for an outer iteration on [1, L] is L; consequently, the worst-case num-
ber of total inner iterations is L (f) + 1)/2. If, instead, we evaluate the complexity in terms of basic
iterations (iterations within each simple water-filling), the worst-case number of these basic iterations is

approximately equal to L?(L 4 1)/6. |

E Proof of Lemma 5

Since the MSE matrix E = (I + B RHB)71 is constrained to be diagonal (recall that by definition the
pi’s are in decreasing order and the diagonal elements of E can be assumed in decreasing order w.l.o.g.), it
follows from Lemma 7 that an optimal solution can be expressed as B = Uy 1Xp 1 where Up; € C”TXL
has as columns the eigenvectors of Ry corresponding to the L £ min (L, rank (Ryr)) largest eigenvalues in
increasing order (Lo 2 L— L is the number of zero eigenvalues used) and £p; = [0 diag ({op,;})] € CLxL
has zero elements except along the rightmost main diagonal (assumed real w.l.o.g.). Defining z; = a%ﬂ.

and denoting with the set {)‘H,i}iL:1 the L largest eigenvalues of Ry in increasing order, the original
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problem is then simplified to the convex problem
. L
min 2
AR
Z3 Z 0.

IA A

L,
L,

The problem is clearly feasible if and only if p; > 1 for L < i < L, but this cannot be since by definition we
know that p; < 1. Therefore, the problem is feasible if and only if L = L or, equivalently, L < rank (Rp).

In such a case, the optimal solution to the problem is trivially given by

“i :)\I},lz‘ (it —1).

F Proof of Lemma 6

To study the optimality of the solution obtained in Lemma 5 (under the diagonality constraint of the
MSE matrix) with respect the original problem in Theorem 2 (without the diagonality constraint), it
suffices to check under which conditions the solution obtained in Lemma 5 satisfies the KKT conditions

obtained in the proof of Proposition 2 (which solves the convex problem obtained in Theorem 2).

Since z; > 0 for 1 <4 < L, it must be that 7; = 0 for 1 < ¢ < L and, therefore, ﬁz(lntjil/\f =1=
2
i = W = ,\,1p2 (recall that \; = Apg;). At this point, all KKT conditions (37)-(40) are clearly

satisfied except fi; > i;—1 1 < i < L which is satisfied if and only if:
XipiZ N1 pin 1<i<L

which clearly cannot be satisfied if L > rank (Rp) since the \;’s are in increasing order. |
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