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Readings:

[1] “Principles of Digital Communications and Coding”
A.J. Viterbi – J.K. Omura, 
McGraw-Hill -1979
Chapter two, pp. 47-127.
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S. Benedetto – E. Biglieri, 
Kluwer Acad./Plenum PWB – 1999
Chapter five, pp. 215-264.
Chapter six, pp. 272-310.
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PAIRWISE ERROR PROBABILITY
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UNION-BOUND

We know that:

Inequality that can be generalized (induction) to:

Thus, the probability of error is given by:

Can be upper-bounded by:
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The “minimum distance” concept of a constellation



6

If we define the minimum distance or dmin as follows:
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(in general, a very poor estimate of the true error probability)
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Quaternary Phase Shift Keying (QPSK)



8

OQPSK/MSK/GMSK

MSK/GMSK
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Octal PSK (OQPSK = 8PSK)
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Quadrature Modulations (QAM)
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APK Modulations
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THE BHATTACHARYYA-BOUND

The pairwise error probability can be rewritten as follows:

where:

We can also define a function such that:
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An upper-bound for q(v) is the following:
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For the AWGN channel:
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THE GALLAGER-BOUND

We know that for equally likely symbols:
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We can now define the region Ri such that:~
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Moreover:
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Example: ORTHOGONAL SIGNALLINGORTHOGONAL SIGNALLING
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1    (canonical representation)mm
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E
φ =

For an alphabet A such that:

we have that:

1.- All symbols have the same energy, that is:

2.- The alphabet adopts an orthogonal signalling, or, in other 
words, N=M such that:

For an AWGN channel:
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Thus:
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Then, after some simple manipulations:
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If parameter     is constraint to                :
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Some definitions:

The optimization of P(e) on ‘ ‘ implies that:

that is:
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Importance of ‘ ‘:

Thus:

1

o o

RX signal powerE S
quality of the RXN T N

γ
→⎛ ⎞

= =⎜ ⎟ →⎝ ⎠

reception ‘conditions’

2
1 log

ln
b

b o o

EE e
r M N N
γ ⎛ ⎞
= =⎜ ⎟

⎝ ⎠

traffic requirement

γ



27

What about                ?:

for such case             !! and then, the optimal value becomes

Thus, we will consider two intervals:

The last step is to find a function E[rb] such that:
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For doing so, we have that:

For interval (A), that is, 

For interval (B), that is,
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Finally:
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Example: 

PARITYPARITY--CHECK CODES or CHECK CODES or 
GROUP CODES  (LINEAR CODES)GROUP CODES  (LINEAR CODES)
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EXAMPLE: Parity-Check Codes/Group Codes ← Linear Codes

linear structure

We want to characterize the performance improvement of such schemes!

nu nv nxBinary 
Encoding

Channel 
Signalling

One-to-One

Code Vector
Messages

2K KM   (or q )=

Signal vector
(waveforms)

]u,...,u,[uu
K21 nnnn = ]v,...,v,[vv

L21 nnnn = ]x,...,x,[xx
N21 nnnn =

Gnn uv =
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Define the modulo-2 addition of binary symbols
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≡⊕≡⊕

We see that:
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negativeor  inverse Additive
Identity

eAssociativ
eCommutativ

Vectorial formulation
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Define the modulo-2 product of binary symbols

111
0000110

≡
≡≡≡

x
xxx

We see that:

axcaxbcb    ax.
axa    .

⊕=⊕−
≡−

)(2
11



35

If one considers linear encoding schemes (parity check)
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That is:

1.- “Closure” property: the sum of two code vectors is a code vector

2.- Identity vector:

3.- Additive inverse:

4.- Commutative and associative.

GuuGuGuvv nmnmnm )( ⊕=⊕=⊕

0m mv v⊕ =

0=⊕ mm vv



37

HAMMING WEIGHT: Number of ones in the vector, that is,

( )       (regular inner product)T
n nv vω ≡ 1

[ ]for:       1 1 1 1        =1 L

HAMMING DISTANCE:

)();(dH nmnm vvvv ⊕≡ω

We define also the set of distances from a code vm to the other codes:

{ }m nmD ω( v v ) m n D≡ ⊕ ∀ ≠ =

This set does not depend on ‘m’
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To validate the last statement, we can see that:

1.- For the identity vector

2.- For

3.-

4.- Thus:

{ } { }2 31 0 1 ( ( )m mD ω( v )    m ω( v ),ω v ),..., vω≡ ⊕ ∀ ≠ =

mm vvvv =⊕→= 11 0
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{ } { }Mmn vvvvv ,...,,mn   ; 32=≠∀⊕

0 ( ) ( )n n n k k n k kv v v v v v v v= ⊕ = ⊕ ⊕ = ⊕ ⊕

{ } { }2 3; ( ( )n m MmD ω( v v )     n m ω( v ),ω v ),..., vω≡ ⊕ ∀ ≠ =

DDm =m∀

Additive inverse is unique
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Binary signalling/mapping:

E   x   v

E   x   v

npnp

npnp

−==

+==

to1

to0
nv Equally likely

Or the equivalent signal-space notation:

xn can adopt M different waveforms

M=2N symbols or waveforms

and use the equivalence between xn or sn
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( )m m M

s t
≤ ≤

=A

      ],...,,[
21

⇒=
Nnnnn xxxx
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Lemma: For a input-binary, output-symmetric channel, a maximum 
likelihood decoder will supply an error probability equal for 
all the symbols of the alphabet, that is:

,...,M,mctn       )sP(e/ m 21=∀=

and thus:

Consequence: The performance characterization of the code can be 
done for any symbol of the constellation or code vector 
(code word).

,...,M,       msePsPsePP(e)
M

m
mmm 21)/()()/(

1
===∑
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The computation of the conditional probability given by:

requires the identification of Rn, that is,

where, for a ML decoder:

For any component of the observation:
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The symmetry of the channel implies that:
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or, in other words,

0
1

Independent on 'n'
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What about Rn?. The procedure is the same, that is:

0 0
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and similarly for: )/( mxvf
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And, then, the likelihood ratio becomes:

0

0

( )( / )ln ln 0             also independent on 'n' !!
( / ) ( )

n mk k

m k

kn k
x x

f vf v x
f v x f v

≠

−
= ≥∑

Notice the integration dummy variables!
Thus:

MnxePsePeP nn ,...,2,1        )/()/()( =∀==

and we can consider any code in the computation of P(e).

We will adopt the all-zero code, because:

1.- Due to the linearity of the code, it always belongs to the codebook

2.- It simplifies the analysis
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We know that the pairwise probability (AWGN) is given by:
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And, from the union-bound and considering x1=0 as reference:
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extension to any binary-input symmetric channel
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In general, from the Bhattacharyya-bound, we have that:
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or, a simpler approximation: 
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