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PAIRWISE ERROR PROBABILITY
. o\ ___ e
P(i— j)=F




UNION- BOUND

We know that: P(AuUB)=P(A)+P(B)—P(ANB)< P(A)+ P(B)

Inequality that can be generalized (induction) to: P[gAi]S;:P(Ai)

Thus, the probability of error is given by:

Can be upper-bounded by:

P(0) =3 Plels,)P(s,)
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m=1 m=1
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If we define the minimum distance or d_ ;. as follows:

d . =min {d..}lsisM

d; E‘ﬁi_ng My U ieem

It is possible to see that:

pe —of sl | of s

2N, «/ZN
and:
M M d
P(e) < > P(s,)<(M -1
(e) mZk (s,)<(M-1)0 ,—ZN
k#m

(in general, a very poor estimate of the true error probability)
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Octal PSK (OQPSK = 8PSK)
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APK Modulations
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THE BHATTACHARYYA-BOUND

The pairwise error probability can be rewritten as follows:

P(i— j)=P =PrveR,/s]= [ f(v/s)dy

ij

where:

R = { fvls;) 1}
' fvls,)

(S —

Likelihood ratio

We can also define a function ¢(v) such that:

1 veR, _ : o pe
=y N st RG> )= = a(u/s iy

14



An upper-bound for q(v) is the following:

fvls)) JeR
fls) — 7
g(v) =+ such that :

0< fls;) beR.
N fls) ’

P@i— j)= jq(z)f(z/&-)dz < I\/f(z/&)f(zlﬁj)dz Bhattacharyya-

1<

bound or distance

Thus, for equally likely symbols:
HOEDIDWAGIIED I W NICTEIVITIRLA

J#I J#I
union-bound

15
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For the AWGN channel:;

2
oo Hz—éiH |v=s,]

P(i—j)< J Nodv=e Mo=e

(7zzv>/j

Thus, the tightness of this bound is found from the comparison between:

2

Jdy]

. . £i_§jH . dy
g(l%])ZQ(m]—Q(m} VS P(i— j)<e 4N,
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THE GALLAGER-BOUND

We know that for equally likely symbols:

RZE{V f0ls) . ;iij}:RiE{v fls) ;iij}

7 fls;) 7 fls))

Thus, if we focus on R, we have that:

fls;) o ivi o {f(zlgj)

> } >1 forany A>0
fvls,) fvls,)

and then:

<
Mm
|

fvls;) !
Z‘{f(z/&)} =

J#i

17
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We can now define the region ﬁi such that:

3 _ 1 fls, > — =
R, =1v Z{f@/&}_l =  R,cR,

J#I

and:

v

Plels)=1-[ fwls)dv= | f(vls)dv< | f(v/s)dy

or, in other words:

Plels)< [ fluls)dv=[q)f(v/s)dv  for: g(v)=

1 forveR,
0 forveR,

18



and finally:

Plels)<[qWfw/s)dv<[[fw/s)] 77| 2 (fwls) | dv

_j;ti

Plels)<[[f015)]s

> (f(ls,)"

| J#

als

L » p=1 Bhattacharyya-bound

aly

GALLAGER-BOUND

19



Example: ORTHOGONAL SIGNALLING



T

For an alphabet A such that: s, s, = ISm(f)Sn(f)df =ES,,

we have that:
2
E,=|s.| =E

1.- All symbols have the same energy, that is:
vm=12,..M

2.- The alphabet adopts an orthogonal signalling, or, in other
words, N=M such that:

¢ = iEgm (canonical representation)
For an AWGN channel: -
fwls,)=f,(v-s,) :;N/e—m
(ZN,) 2

where:  v—s, [ =M -2s, v+]s. }_. E =E Ym=12,.,M=N
21



s, =" -25, v+ £

“m Z

m-th component
/ of v

and: oo
s Ty= j t)v(t)dt—_“\/7¢ ()W(t)dt =\Ev

Then: ©

lv=s,I" =M ~2VEv, + E=Y |v,| ~2VEv, + E

k=1

And, -sal® E-24Ev, &l

fvls,)= L —e MY = 1 —e e i,

(zN,)" (zN,)"

From the Gallager’'s bound: ) p

1

Plels,) < [[f@ls, ]| 3 (fuls, ) | dv p=0

m'zm

22



Then, after some simple manipulations:

Plels,) <V Elg(z,)E| | T £(z,) p >0

m'£Em

E z

2 N Ty

z = [—y and Z)=e' M0 7
" «/Nom g(z)

The evaluation of the first term:

where;

;2 E
) N, (L+p)?
2 7 = gNoP)

FleG)- | ()=

The second term is not so trivial and it requires of the use of the Jensen’s
inequality:.

Let's f(x)a[)convex function, then:

- Viterbi & Omura, pp.40 - 42
‘ - Cover

ELf(x)] < f(ELx]) <

23
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If parameter pis constraintto 0< p<1:

E [Z g(zm)]

and: E

< [E{ ; g(z,)

m'£Em

} = (M-1) (E[2(2)])

Thus:
P(e)= gP(elgm)P(gm) =P(e/§m)gP(§m)=P(e/§m)
P(e)S(M—l)peNi(ﬁj 0< p<1

It is now necessary to optimize P(e) on ‘p‘

24
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Some definitions:

1. r =% signalling — rate (symbols | sec).

2. y= (%)i = Ni signal to noise — density ratio (Hz") ..I ...

o o

In M

3. bit—rate=r, = (nats / sec)

The optimization of P(e) on * p* implies that:

Y
= L1
iP(e)=0 — iInP(e):O = (1+p)2=1 — <,0 A
dp dp v,
0<p<l
that is:
1< L<2 = 1<X<4
I I >
Lofheg o Lol

25
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Importance of Y

( E j 1 § — RX signal power

7/:

\NO

reception ‘conditions’

T N, — quality of the RX

Thus:

v
r__1 £ :ﬂlogze
r, InM\N, | N

o

traffic requirement

26



1
What about 3 <— 7
Y

for such case o >11! and then, the optimal value becomes p =1

Thus, we will consider two intervals:

(A4): % << corresponding to 0 < p <1
/4
(B): i <% corresponding to p =1 (upper limit of the analysis)
Y

The last step is to find a function E[r,] such that:

P(e) < ¢ Tl

where E[r.] is the so-called ‘Reliability Function’

27
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For interval (A), that is, Pox ﬂ/r— -1
b

For interval (B), thatis, £, =1

28



REMINDER: THE GALLAGER’'s BOUND BECOME THE
7/ BHATTACHARYYA’s BOUND FOR p =1

v

"4 BHATTACHARYYA'’s PREDICTION

29



Finally:

M
v, = nats [ sec
T

for r,=ctn. (traffic requirement):

I >0 = M-—>w

and:

lim,_, P(e)=Ilim

or, in other words:

that is, once more:

T—w

e o for o
y

S
1, <y =—nats/sec

N

o

7,

N 1

%

/4

<
E, log,e

~-1.6dB for r, bits/sec

30



Example:

PARITY-CHECK CODES or
GROUP CODES (LINEAR CODES)
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EXAMPLE: Parity-Check Codes/Group Codes «— Linear Codes

One-to-One

=" Binary n Channel n
Encoding Signalling
Messages Signal vector
Code Vector
M =2" (orq") (waveforms)
gn :[unllunzl"'iunK] yn :[an’vnz""’vn,_] Xn :[an,an,...,XnN]

G linear structure

We want to characterize the performance improvement of such schemes!

32



Define the modulo-2 addition of binary symbols

0®1=1®0=1
0®0=1®1=0
We see that:
1- a®b=b®a Commutative
2.— (a®b)Dc=a®bDc) Associative
33— a®0=a Identity
4— a®a=0 Additive inverse or negative

» Vectorial formulation

33



Define the modulo-2 product of binary symbols

Ox1=1x0=0x0=0
Ix1=1

We see that:

1- 1lxa=a
2.— ax(b®c)=axb® axc

34



If one considers linear encoding schemes (parity check)

m

=U,8n ®un2g21 @"'@uanKl A

: >
ny =unlg1L ®z/lnzg-ZL @.”@uanKL y
K
We have that: =u, G = Eu
— =
where: _gll 8w glL—
: u, :[unl’unz""’unK]
Q: «— gk —
B : gk E[gkl’gkz""’gkl_]
| 8kx1 8x2 7 8k |

Generator matrix

35



That is:

1.- “Closure” property: the sum of two code vectors is a code vector

v, ®v, =u, GOu G=(u,®u,)G

2.- ldentity vector:
v ®0=v

—m —m

3.- Additive inverse:

v, ®v, =0

4.- Commutative and associative.

36



HAMMING WEIGHT: Number of ones in the vector, that is,

o(v )=v 1 (regular inner product)
forr  1=[111--- 1]

HAMMING DISTANCE:

d,(v,v,) =0, ®v,)

We define also the set of distances from a code v, to the other codes:

D, ={w(v, ®v,)/Vm+n}=D

This set does not depend on ‘m’

37



1.- For the identity vector v, =0—>v,®y, =v,

D ={0(0®y,) Vm=l={w(v,).o;)...o@,))

2-For m#n, n#p, m#p:
v,®v, #v, Ov,

Additive inverse is unique
v, Dy, #0=y,

3.- {X,, Dv,; Vn= m}: {22"_’3’---’2M}

\—v v,=v,@®0=y, &, ®v,)=(,Dy,)®v,

4.-Thus: D, ={w(y,®v,); Vanzm}={o(v,)wo,)...o,)}

Ym D =D

38



Binary signalling/mapping:

v, =0 10 x = +JE

Y, Equally likely
v, =110 x  =—+E

Or the equivalent signal-space notation:

X, can adopt M different waveforms A ={s (1)}_

x, =[x,,x, . x, 1 = M=2Nsymbols or waveforms

and use the equivalence between x, or s,

39



Lemma: For a input-binary, output-symmetric channel, a maximum

likelihood decoder will supply an error probability equal for
all the symbols of the alphabet, that is:

P(e/s, )=ctn Vm=12,. M

and thus:

Ple) = iP(elgm)P(gm) =Plels,) m=12,..M

Consequence. The performance characterization of the code can be
done for any symbol of the constellation or code vector
(code word).

40



The computation of the conditional probability given by:

Plelx,) o Plels,)

requires the identification of R_, that is,
Plelx,)=Pr{veR,/x,} = [ f(v/s,)dv
R,

where, for a ML decoder:

R,={v/Inf/s,)=Inf(v/s

—n

); m#n|

For any component of the observation:
fO 1%, =+VE) = f(v,Iv, =0)= f,(v,)
fO 1%, =—~E)=f,Iv, =D = £,()

41
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The symmetry of the channel implies that:

L) =f(=v) Vk

Thus:
Pelx,)="Plels,)=[ f(v/x,)dv=

=TT soatn, =+B) TT 0t 5, =—E)a
R"x :i\/g foz;k) X :k_\/E ﬁ(Vk);;fo(—Vk)
nk

W

Thus, the integration will be performed such that:

for x, = +JE 1, =V,
for x, = —~JE 1, =—Vv,

42
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or, in other words,

Plels,)=Plelx,)= [ ] fi(v)dv

/

~
Independent on 'n'

What about R_n?. The procedure is the same, that is:

fvlx,)= H S lx, =+JE) H S lx, =—E)=
=jE[fxm)1J fo(=v,)

%, =+E v —E

k

and similarly for;

fvlx,)

43
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And, then, the likelihood ratio becomes:

Inf(yllc’“)z > InMZO
flx,) T )

+

also independent on 'n' !!

x”k )ka

Notice the integration dummy variables!

Thus:
P(e)=P(els, )=Plelx,) Vn=12,..M

and we can consider any code in the computation of P(e).

We will adopt the all-zero code, because:

1.- Due to the linearity of the code, it always belongs to the codebook

2.- It simplifies the analysis

44



f(9/§n)_ fO(_Uk) fo(Uk) _ fo(_Uk)
TP R ¥ S s § sy NP § Wy

REMINDER: D =D Vm

45



We know that the pairwise probability (AWGN) is given by:

P = Bl
i 2No

where:

s |=lx x| =2elx, @x ) £

Hamming distance!

And, from the union-bound and considering x,=0 as reference:

P(e) < ZQ[”X%””] mZZQ[\/ —mkj
\ |

» extension to any binary-input symmetric channel

46
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In general, from the Bhattacharyya-bound, we have that:

P( 1 —n) sﬁ [ 012, ()%, =+JE)dv=

reference k=1 _»

.

fvlx,)
I

f(vlx,) reference
(only different elements)

—+00

=11 | \/f(lenk=—\/E)f(v/xnk=+\/f)dv = .

k

xnk 75.xlk

—0

A () ()

47



= P,(1>n) < ( | vam(v)dvj

and:

M poin [ ) fo ()

PE<Y Pasm=Ye" " _ 3 o
m=2 m=2

‘ n=2

(1— p) BlrLary s;ngr,nSeénc
o () channel (BSC)

(verify!!)

48



or, a simpler approximation:

P(e) < (M—l)Q[\/Z%n;lln a)k)

o

and:

min wk(lnTo 7 (v)fl(v)dvj
P(e)< (M -1)e™ L =

49
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