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ABSTRACT

The (frequency-selective) multipath propagation and
the limited bandwidth available in GSM leads to high
inacuracies of the conventional Time-Of-Arrival (TOA)
estimation methods used by mobile location techniques.
In this paper, a robust technique is proposed to ame-
liorate this phenomenon.

1. INTRODUCTION

The problem of Time-of-arrival (TOA) estimation of
the Line-Of-Sight (LOS) propagation is becoming an
important area of research. Mobile location consti-
tutes an important application in which an estimation
of the mobile position is delivered from several TOA es-
timates. For example, in the down-link case, TOA es-
timates can be computed from the signals broadcasted
by Base Stations and/or Satellites. The present paper
has been developed in the context of the IST project
EMILY, which is focused on the coupling between ter-
restrial and satellite signals for positioning.

Multipah propagation is the major undesired effect
to consider in the formulation of the TOA estimation
problem. The technique developed in this paper, as
well as other recently proposed techniques [1], works
with the hypothesis that the LOS exits, but it is conta-
minated by multipath propagation (with TOAs higher
than the LOS TOA) in an unknown manner. It is
noted that the Non-Line-Of-Sight (NLOS) case should
be treated in a different way, for example, by exploit-
ing prior information and redundancy during the hy-
bridization among all the computed TOAs [2]. This
higher level data processing is not studied here.

In the presence of multipath, classical TOA estima-
tion techniques lead to (mainly positive) bias in the re-
sulting TOA estimate of the LOS. The worst-case bias
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is produced by a multipath dispersion of the same order
of magnitude as the inverse signal bandwidth, which
determines the natural resolution capability. High res-
olution techniques have proven useful to ameliorate this
problem [1], but their use is limited to channels con-
sisting of a linear combination of a finite number of
time-delayed Dirac delta pulses. In practice, especially
in urban scenarios, this kind of model is too much poor.
Then, the natural formulation of the problem becomes
the joint estimation of the TOA LOS and the multipath
channel. In this contribution, we propose a simpler
technique that tries to avoid channel estimation while
still reducing the bias effect. To this end, we propose
a new method that takes into account the statistical
structure of the multipath, following similar ideas pro-
posed by one of the authors in [3] and [4].

2. STATISTICAL CHANNEL MODEL

The most simple channel model consists of a linear
combination of M time-delayed Dirac delta pulses with
amplitudes am and delays τm:

hch(t) =
M∑

m=1

amδ(t − τm) (1)

with τ1 < τ2 < . . . < τM . Therefore, at the receiver
filter output of time response hr(t), and assuming a
known data-burst (e.g., the midamble in a GSM nor-
mal burst), an estimation of the following signal can be
performed:

r(t) = hs(t) ∗ hch(t) ∗ hr(t) =
M∑

m=1

amg(t − τm) (2)

where
g(t) = hs(t) ∗ hr(t) (3)

r(t) can be estimated, for instance, by means of a cross-
correlation-based technique using the known training
sequence at the receiver.
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The purpose of TOA estimation techniques for po-
sitioning is to estimate τ1, which is associated to the
LOS propagation. Of course, ignoring the presence of
the multipath will lead to a significant bias in the esti-
mated τ1. The worst case corresponds to a multipath
dispersion (approximately) lower than the inverse pulse
bandwidth, (denoted as Dr and referred to as resolu-
tion time), and higher than the desired timing accuracy
of the problem (denoted as Da). Therefore, the multi-
path TOAs in the range Da < τm − τ1 < Dr are the
most susceptible of producing significant bias to the
estimated τ1.

The application of the maximum likelihood princi-
ple to the problem at hand requires the joint estima-
tion of the complete set of delays {τm} and amplitudes
{am}. One way to avoid this is to use high resolution
techniques, as those proposed in [1]. However, both
methods are not robust to the presence of model errors,
i.e., errors on the model order estimation, M , and/or
the presence of diffuse multipath.

To solve the previous limitations, we adopt a statis-
tical model of the multipath, similar to that proposed
in [5], which assumes that the time dispersion is pro-
duced by a single second path, but its associated am-
plitude and time dispersion are unknown:

h′
ch(t) = bδ(t − τ) + aδ(t − τ − D) (4)

In the previous expression, b and a are the complex
amplitudes of the first (LOS) and second path respec-
tively and D is the (positive) time dispersion of the
second path. The nuisance parameters are now en-
dowed with priors which express our amount of knowl-
edge depending on the scenario considered. Following
some conclusions found in the literature [5], the prior
of D (also called Power Delay Spectrum) will be mod-
elled by a one-sided exponential decaying function of
hyper-parameter σ2

D, also called delay-spread. On the
other hand, a will be modelled as a zero-mean random
variable of variance σ2

a, without assuming any specific
prior for it. It is important to note that, although the
model (4) includes only a single second path, endow-
ing the path delay D with a certain prior will lead to
a technique that will be also robust in the presence of
diffuse multipath. This statement will be confirmed by
simulations.

The main idea of our contribution is to view the
second term of (4) as a noise term which is added to
the estimation/measure noise, and whose color depends
on the assumed priors. With the purpose of simplify-
ing the mathematical description of the second order
statistics of the multipath interference, we will use the
frequency domain. From (4) we can write:

H ′
ch(ω) = e−jωτ

(
b + ae−jωD

)
(5)

and using it in (2) we can write:

R(ω) = Hs(ω)Hr(ω)e−jωτ
(
b + ae−jωD

)
(6)

After sufficient sampling in the frequency domain at
points ωp, with 0 ≤ p ≤ P −1, to neglect time aliasing,
we can write the following discrete model:

r = g � eτ� (b1 + ua,D) + w (7)

where [r]p = R(ωp), [g]p = Hs(ωp)Hr(ωp), [eτ ]p =
e−jωpτ , 1 denotes the all-ones vector, and [ua,D]p =
ae−jωpD. Observe that, in the previous model, g and
ua,D constitute the known and unknown signal com-
ponents, respectively. Finally an unknown white noise
term vector w has been included. Its exact statistical
characterization, which is dependent on the estimation
technique used, is not essential for the development of
the proposed technique, and it is outside of the scope
of this contribution. The purpose, at this stage, is only
to account for the presence of estimation errors in a
reasonable manner, noting that the technique can be
generalized for any known structure of w.

3. ROBUST WEIGHTED LEAST SQUARES
(RWLS) TECHNIQUE

The idea of the proposed approach is to decompose
the observation r in (7) into its known and unknown
(random) constituents as follows:

r = bg � eτ + w′

where the new (non-white) noise term w′ includes both
the estimation noise and the multipath :

w′ = w + g � eτ�ua,D (8)

Then, the WLS joint estimates of τ and b become the
minimizers of:

F (τ, b) = (r− bg � eτ )H R−1
w′ (r− bg � eτ ) (9)

where

Rw′ = EwE
a,D

[
w′w′H]

= σ2
a ggH�QσD

�eτeH
τ +σ2

wI

and the spreading matrix QσD
(which has a similar

role as the one used in the robust beamforming and
detection techniques developed by the authors in [3]
and [4], respectively) is defined as follows:

QσD
= E

D

[
eDeH

D

]
(10)
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Note that the covariance matrix Rw′ includes our lack
of knowledge about the multipath structure. This con-
stitutes the main idea of the proposed approach. It is
not difficult to show that the following property holds:

(
M� eτeH

τ

)−1
= M−1�eτeH

τ (11)

Expanding (9), using (11) and (10), the cost function
becomes:

F (τ, b) = (r� eτ − bg)H M−1 (r� eτ − bg) (12)

where:

M = ggH�QσD
+

σ2
w

σ2
a

I (13)

is now a matrix not dependent on τ . From the defin-
ition of M in (13), we define the Noise-to-Multipath-
Ratio as:

NMR =
σ2

w

σ2
a

(14)

In the simulation results of the next section, we will
distinguish between NMR (corresponding to the actual
scenario) and NMRas corresponding to the assumed
value. NMRas is an important design parameter of the
technique, and it will have a major effect on the trade-
off between bias and variance amplification. Note that
NMRas determines the relative importance assigned to
the estimation noise w with respect to the amount of
multipath interference. Similarly, we will distinguish
between σD and σDas .

As function F (τ, b) in (12) is quadratic in b, we can
solve for the optimal b given τ , which is:

b̂τ = (r� eτ )H M−1g/
(
gHM−1g

)
(15)

Then, replacing it back into (12), leads to following
compressed cost function consisting of two terms:

Fc(τ) = F1(τ) + F2(τ) (16)

where:

F1(τ) = (r� eτ )H M−1 (r� eτ ) (17)

F2(τ) = −

∣∣∣(r� eτ )H M−1g
∣∣∣2

gHM−1g
(18)

Assuming that D is a parameter with exponential prior,

p(D) =
1

σD
e−D/σD (19)

the elements of the spreading matrix QσD
are given by:

[QσD
]p,q =

∫ ∞

0
p(D)e−(ωp−ωq)D =

1
1 + j(ωp − ωq)σD

(20)

Figure 1: Noiseless LS cost functions.

Finally, note that no assumptions about the prior of
a have been required. Only its second order statistics
(σ2

a) is used in our formulation.

4. RESULTS

In this section we try to highlight the performance of
the proposed technique in terms of the trade-off be-
tween bias reduction and variance amplification in the
resulting LOS-TOA estimate (normalized to the sym-
bol period). It is important to emphasize that the am-
plification of the variance can always be compensated
for by averaging several independent TOA estimates
(at the price of taking more time for positioning), while
the bias does not decrease with averaging. This is why
reducing bias at the expense of amplifying variance is of
interest. A square-root Nyquist pulse with roll-off 0.35
is considered along with its corresponding matched fil-
ter at the receiver. Finally, it is noted that all the TOA
values indicated in this section are normalized to the
symbol rate.

First, figures 1 and 2 compare the shape of the LS
(classical) (Fc(τ) for NMRas = ∞) and WLS (σDas

=
0.5 and NMRas = −30dB) noiseless cost functions in
the presence of a single second path of amplitude a =
0.8, with increasing delay from τ2 = 0 up to τ2 = 2
symbols, and τ1 = 0. As it can be seen, the minimum
of the LS cost function is displaced at right (most of
the times) for delays of the second path within the nat-
ural time resolution of the pulse shape (related with
the inverse signal bandwidth). On the contrary, the
WLS function is capable of cancelling significantly the
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Figure 2: Noiseless WLS cost functions.

displacement of its minimum, thus reducing the esti-
mation bias.

Figure 3 shows the evolution of the absolute bias of
the LS and WLS cost functions as a function of the de-
lay of a single second path, in the case of NMR= −35dB
and NMRas = −30dB. It can be seen that the effect of
increasing σDas is to reduce the bias for a larger range
of second delays, at the expense of admitting more bias
for small ones. Figure 4 shows the variance associated
with the scenarios of figure 3. One can see that the
price of the bias reduction is an increased variance with
respect to the LS technique.

Finally, figures 5 and 6 show the average bias and
average variance amplification. The average is per-
formed over the exponential prior of parameter σD for
the actual second path delays. These average perfor-
mance measurements are evaluated as a function of
the NMRas, for σDas = 1 and different values of σD.
Both figures include also an scenario with diffuse multi-
path consisting of ten paths uniformly distributed from
τ2 = 0 to τ2 = 1 of amplitude am = 0.1, showing in
that case that a similar trade-off between bias and vari-
ance takes place. Therefore, it is demonstrated that the
use of the proposed approach with a simple multipath
structure (only two paths) as a design criterion, also
accounts for diffuse multipath in a robust manner.

5. CONCLUSIONS

We have presented a TOA estimation technique which
is robust to the presence of unknown diffuse multipath.
This property is accomplished without requiring chan-

Figure 3: Absolute TOA bias for the single second path
secenario.

nel estimation, by using a statistical model of the mul-
tipath. The reduction of the estimation bias is sig-
nificant, and it is accomplished at the expense of an
increased variance of the resulting TOA estimate. The
trade-off between bias reduction and variance amplifi-
cation can be easily controlled by the hyper-parameters
of the model. The increased variance can be easily
compensated for by using more data to deliver the fi-
nal TOA estimate or, in other words, by spending more
time to deliver the final mobile position.

Future work will focus on the extension to GMSK
signals using the Laurent decomposition [6], following
the same ideas as in [7], and to the extension to fast
fading channels.
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Figure 5: Bias of the WLS technique for different sce-
narios, as a function of the assumed NMR. LS bias is
also ploted for comparison.

Figure 6: Variance amplification of the WLS technique
(with respect to LS) for different scenarios, as a func-
tion of the assumed NMR.
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