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ABSTRACT

This paper presents a flexible scheme for implementing
a location algorithm based on TDOA measurements.
Concretely, the scheme presented exploits the fact that
these measurements are not necessary continuously avail-
able, performing a flexible implementation. A general
loose coupling approach with other additional sensors
and/or position references is here presented.

1. INTRODUCTION

A problem of growing importance in mobile communica-
tion networks is estimating the position of mobile termi-
nals. One of the most common approach is getting a po-
sition estimation by measuring several time differences of
arrival (TDOA) measurements amongst a set of references
which are normally base stations and/or satellites. The ma-
jor problem in this approach is the non-linear relationship
between measurements (TDOA) and position parameters
(Cartesian coordinates).

In the recent literature, there have been presented sev-
eral approaches to find a close-form solution as in [3] where
the number of measurements equals to the number of un-
knowns. Several transformations were proposed in [2] and
[4] where the non-linear equation system was linearized.
The most common approach in this kind of applications
is the iterative method [6] where position estimate is im-
proved at each step by determining the local linear Least
Square (LS) solution. The major problem of this approach
is the high computational cost of the LS procedure due to
the fact that a big number of references can be available at
each iteration. Moreover, these references can appear and
disappear from one iteration to another due to multipath,
fading and non line of sight (NLOS) effects. Normally this
is not taken into account in the classical approaches.

This work is partially supported by the European Com-
mission under IST Project EMILY1 focused on the coupling
of terrestrial positioning named E-OTD (GSM network)
with satellite-based positioning named GNSS in the con-
text of handset solution. In this application, every TDOA
(between satellites, between base stations and between the

1This work is partially supported by the European Commis-
sion under IST Project EMILY IST-2000-26040 and by the Span-
ish and Catalan goverments: TIC2001-2356-C02-01, TIC2000-
1025, TIC99-0849, 2000SGR-00083, 2001SGR-00268.

serving base station and any satellite) is a reference used to
improve accuracy of position estimation as well as availabil-
ity of location-based services. In this context, the number
of references presented at the input of an iterative algorithm
can be huge, so computational cost of a generic implemen-
tation may be therefore very high.

This paper presents a simple and flexible scheme to hy-
bridize all available references presented at the input of each
iteration, exploiting the fact that not all references (TDOA)
are necessarily available at each iteration. The second ob-
jective of this paper is presenting a generic loose coupling
of independent references in order to simplify the addition
of external sensors that can improve the position accuracy
as well as improve the stability of the algorithm.

2. CLASSIC IMPLEMENTATION (EKF)

Figure (1) shows the classical implementation of the loca-
tion algorithm where several groups of independent data
are available at the input. These groups normally consist
on noise-correlated measurements of TDOAs. Without any
lack of generality we will assume that groups of measure-
ments present a null correlation between them. In the case
that no-null cross-correlation exists, a unique group will be
considered in this model. As it has been mentioned in the
introduction, these references may not be available at cer-
tain iterations and, moreover, these references can be deliv-
ered to the hybridization algorithm (Extended Kalman Fil-
ter, EKF) at different rates. These important remarks are
not exploited with this classical implementation. However
it will be later shown how they can be taken into account
with the pourposes presented before.

Logically, these measurements groups have to be pro-
vided with a quality report to the hybridization block (EKF)
that consists, in most cases, on the covariance measurement
matrix. If one of these groups is not available at one iter-
ation, the EKF algorithm can iterate without it, taking as
a covariance matrix of that n-th group Rn = σI with a big
value for variance σ. This produces numerical instability
and a big number of useless operations that the classical
EKF implementation can not avoid.

In order to understand the mathematical development
of the simplified scheme, now we summarize the equations
of the EKF implementation. All available data at the in-
put is divided into k groups of independent measurements

r =
[

rT
1, rT

2 , · · · rT
k

]T
(this is the measurement vec-

tor in the Kalman terminology). The covariance matrix
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Figure 1: Classical Scheme with EKF

of this global measurement vector is a block-diagonal ma-
trix formed with the individual covariance matrices of each
measurement group: Rk = diag

([
R1 · · · Rk

])
.

Due to the fact that the relationship between the state
vector x (that is the Cartesian coordinates of the estimated
position) and the measurement vector r is not linear, it
has to be linearized at each iteration with the first time-
derivative of this relationship (matrix C in the following
expression):

r = f(x) + n ≈ f(x̂o) + Cε+ n (1)

where x̂0 is the previous position estimate and ε is the state
update vector (x̂ = x̂0 + ε). If, for instance, our measure-
ment vector is formed with one TDOA reference, this non-
linear relationship and its first derivative in time can be
expressed as it follows:

f(x) =

√√√√ p∑
i=1

(xi − xn
i )

2 −

√√√√ p∑
i=1

(xi − xn+1
i )2 (2)

C =
[

df(x)
dx1

... df(x)
dxp

]
(3)

where xi is the i-th Cartesian coordinate of the previous
position (x̂0) estimate, xn

i is the i-th coordinate of the n-th
base station position and p is the dimension of the location
problem (p = 2 in 2D and p = 3 in a 3D location problem).
These expressions can be easily generalized if n TDOA mea-
surements are presented at the input. Finally, the variance
of the position update vector ε of this linearization approach
can be written as it follows [5]:

Rε =
(
CT R−1

n C
)−1

(4)

The implementation of this approach using the EKF
equations can be summarized in the following expression
(expression of one iteration).

x̂ = x̂0 + ε = x̂0 +K (r − f (x̂0)) (5)

where K is the EKF gain and can be computed with the
following expression.

K = Σ
(
CΣCT +R−1

)−1
(6)

where Σ stands for the covariance state matrix in the KF
model. Note that no special emphasis in exploiting the
division of the measurement vector is performed in this ap-
proach and a low flexibility is offered if one of the input
groups is not really available at the current iteration.

3. DATA COMPRESSION AND SUFFICIENT
STATISTICS

This section focuses on developing the expressions needed
to later present the general scheme of hybridization. For
this purpose, let’s assume a generic scheme with only one
measurements group of size n > p, where p is again the
state vector dimension. Applying the matrix inversion lema
formulated in [1] to (6), a new expression of the Kalman
gain can be found:

K =
[
Σ(Σ +

(
CT R−1C

)−1
)−1

] [(
CT R−1C

)−1
CT R−1

]
(7)

where the right term can be found to be the WLS solution
(εWLS) of the linearized equations shown in (1) and the
left term is the gain of a linear KF where the transition
matrix is I (identity matrix) and the measurement covari-

ance matrix have been transformed into R̃ =
(
CT R−1C

)−1
.

Note that the WLS term reduces the dimension of the mea-
surement vector to the dimension of the state vector p, so

εWLS =
(
CT R−1C

)−1
CT R−1 (r − f (x0)) turns out to be

a sufficient data statistic of measurements. In fact, the left
term is a simple KF that implements a loose coupling be-
tween the previous position estimate and the new position
one with the WLS approach. In this way, the reasoning
already made can be easily seen with the following expres-
sions. First of all let’s rewrite the EKF iteration equation
(5) with these new considerations:

x̂ = x̂0 +K′εWLS (8)

Now, if we take into account that εWLS = x̂W LS − x̂0, the
previous expression is transformed into a loose coupling be-
tween the WLS position estimation and the previous itera-
tion estimate. It can be proved by evaluating the individual
coefficients (I − K′) and K′ in the following expression.

x̂ = (I − K′)x̂0 +K′x̂WLS (9)

Recovering the previous result formulated in equation
(7), it can be easily generalized for multiple independent
data groups, only applying the WLS approach (sufficient
data statistic) to every group for compression and then im-
plementing a global loose (as it has been shown for one-
group example) with a linear Kalman filter.

The advantages of this approach are mainly two. The
first one, a group with a big number of references can be
compressed to a state-vector size before feeding the hy-
bridization block, and the second one, if one of these mea-
surements blocks is not really available can be easily re-
moved. The main disadvantage of our presented scheme is
the fact that the dimension of the measurement vector of a
group has to be at least the dimension of the state vector,
because if this condition is not satisfied, the WLS coefficient

is not defined (the inverse matrix
(
CT R−1C

)−1
does not

exist). It will be latter shown how to solve this problem.
Normally TDOAmeasurements are independent, so each

individual measurement could form an independent group,
allowing us to eliminate the individual contribution of each
measurement if this is not really available (note that a group
formed with only one TDOA measurement never satisfies
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the condition presented in the previous paragraph). The
objective now is finding, in a flexible manner, a data com-
pression scheme where measurements groups of data will
be hybridized without any limitation of the vector dimen-
sion. In fact, the final objective will be that any individual
independent TDOA measurement (or other kind of mea-
surements) can be eliminated easily from the hybridization
algorithm (in the case that this measurement is not avail-
able) without any numerical instability and reducing the
complexity of the implementation.

As it can be seen in [5], CT R−1 (r − f (x0)) is also a
sufficient statistic measurements. In fact, the KF gain (K′)
of the previous result formulated in (8) can be rewritten as
it follows.

K′ =
(
Σ−1 +

(
CT R−1C

))−1 (
CT R−1C

)
(10)

With this new version of the coefficient of the Linear
KF, the estimation equation shown in(5) can be rewritten
as follow:

x̂ = x0 + ε = x0 +
(
Σ−1 + CT R−1C

)−1
CT R−1 (r − f (x0))

(11)
Now, the non-defined inversion presented in the previ-

ous data compression is transformed into the inverse of the
covariance matrix (4) that is perfectly defined. Now, if the
measurement vector r is divided into K noise-independent
sub-vectors, as we formulated in the previous section, the
last expression will be generalized as follow:

x̂ = x̂0+ε = x̂0+

(
Σ−1 +

K∑
k=1

R̃−1
k

)−1 K∑
k=1

CT
k R−1

k (rk − fk (x̂0))

(12)

where R̃−1
k = CT

k R−1
k Ck is the inverse of covariance matrix

of the individual error position estimation performed with
the measurements of group k, that is

x̂k = CT
k R−1

k (rk − fk (x0)) (13)

The last section of this paper will focus on the impor-
tance of this inverse covariance matrix used to provide the
GDOP report of individual estimates. Finally, it can be
developed similarly the expression for the covariance state
matrix evolution:

Σ−1
n+1 = Σ−1

n +
∑

k

R̃−1
k (14)

The scheme suggested by this last expression is depicted
in figure (2). It can be observed that individual measure-
ment groups are compressed/expanded in order to provide
an individual position estimate that is hybridized later in
an easy loose manner with the previous global position esti-
mate. If the dimension of the measurement vector is higher
than the state vector dimension, the measurement vector is
compressed (sufficient statistic), but if the dimension of the
measurement vector is smaller that the state vector dimen-
sion (for example, an individual independent TDOA), it will
be expanded in order to provide an individual incomplete
position estimation (see section [5] for a full explanation).

Figure 2: Proposed flexible scheme

4. GENERAL LOOSE COUPLING

In the previous section, the general scheme for hybridization
has been introduced. As it can be seen in figure (2), each
independent measurement group is compressed/expanded
in order to provide a position estimate, and later, a gen-
eral loose coupling is performed. With this scheme, it is
easy to eliminate one measurement block that is not re-
ally available at the current iteration. To this end, it is
only necessary not to add the contribution of its branch (

that is
[
CT

k R−1
k (rk − fk (x0))

]
) and not to compute the in-

verse of its covariance matrix (R̃−1
k ). On the other hand,

if measurements groups are delivered at different rates, we
can exploit the flexibility of the scheme allowing the use
of a certain number of measurement groups (only available
groups at that iteration).

Note in the figure, that the individual coefficient of each
measurement group transform only the input measurements
vector into a position estimate (or error position estimate
depending on the final implementation, both options are
equivalent). This partial estimate has not to be complete
(finite variance in all p dimension), but also can be an in-
complete estimate (not full rank covariance inverse matrix:

R̃−1
k ). This does not force a minimum number of references

to be presented at the input of one measurement group to
extract all available information although a loose coupling
is later performed. That is, we can use any number of ref-
erences although a complete position estimation can not be
performed with these references.

Finally, additional measurements or other position es-
timates can be easily added to the scheme. To this end,
it is only necessary to provide a partial position estimate
and the inverse of the covariance matrix of this estimate
(again not necessary full-rank). If additional sensors are
available, measurements only have to be transformed (com-
pressed/expanded) into a partial position estimate in the
same manner that previous sections have shown. After this
transformation, a new branch will be available at the input
of the global loose algorithm. If a complete position esti-
mate is available (for example coming from other location
techniques), only the inverse of the covariance matrix will
have to be computed before being hybridized with the rest
of individual estimates. Figure (3) shows the scheme of gen-
eral loose coupling hybridization with additional sensors.
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Figure 3: Additional sensors hybridization

5. GDOP CONSIDERATIONS

In the previous section, the general loose hybridization scheme
has been shown. In this section, a clear view of the in-
verse of the covariance matrix will be explained. Each
branch in figure (2) provides an error position estimate
CT

k R−1
k (rk − fk (x0)), and its quality report: the inverse of

the covariance matrix of the estimation (R̃−1
k = CT

k R−1
k Ck).

Note again that this matrix is not full-rank if the dimension
of the measurement vector is smaller than the state vector
dimension, so the covariance matrix (R̃k) is not necessary
defined. So, what is the GDOP information presented in
the not full-rank inverse matrix used in our scheme?. In a
standard location algorithm, the GDOP matrix R̃k has to
be defined to give a valid position estimate point, but in this
case, the individual estimate (each branch of the scheme)
has not to be a complete point-defined position estimate.

Let us take a 2D location problem with only one TDOA

measurement. In this case, R̃−1
k is a 2x2 matrix and Ck is a

1x2 matrix. It is easy to verify that R̃−1
k has rank 1. Then,

the covariance matrix is not defined, that is GDOP matrix

is infinite. But the dimension of the inverse matrix R̃−1
k ,

that is the dimension of measurements vector, is exactly the
number of dimensions where the variance of the partial esti-
mation is not infinity. In the previous example, the variance
of the individual position estimation CT

k R−1
k (rk − fk (x0))

is infinite in all 2D plane directions except in the perpendic-
ular direction of the hyperbola defined by the TDOA mea-
surement. Figure (4) shows an example with two TDOA
measurement that now we comment briefly. The classical
concept of GDOP is defined by the following equation.

GDOPk(α) =
[
cosα sinα

]
R̃k

[
cosα
sinα

]
(15)

Note that this expression is infinite for all values of al-
pha except the perpendicular direction of the hyperbola.
In order to depict GDOP in a graph, the non-defined co-

variance matrix of the TDOA measurements R̃k has been
hybridized with a diagonal full-rank matrix (RI = kI) fol-

lowing the loose coupling equation R̃k=
(
R−1

I + R̃k.−1
)−1

,

so this new covariance matrix is now full-rank. It can be
seen in the graph the maximum reduction of variance in
the perpendicular direction of the hyperbola. If now, sim-
ulation is repeated (dotted line) with a higher value for k

Figure 4: Incomplete GDOP idea and hybridization of
GDOPs

(if k is infinite, no previous hybridization approximation is
performed), we realize that GDOP (α) tends to infinite in
all direction except in the depicted perpendicular direction.

Finally, it is easy to understand that GDOP after the
hybridization process will be the superposition of all in-
dividual GDOPs (full or not-full rank GDOPs). In the
same figure, another rank deficient GDOP has been de-
picted (corresponding to another hyperbola). If we review
equation (14), we will realize that two not-full rank inverse

covariance matrices (R̃1 and R̃2 ) can perform a complete

point-defined estimation (R̃−1 = R̃−1
1 + R̃−1

2 is full-rank).
In this case, there are two incomplete (rank 1) position

estimates coming from two TDOA measurements. If one
of two TDOA measurements is not available the GDOP
information (R̃−1

k ) of the presented TDOA will allow the
algorithm continue extracting the available information of
the presented measurement at each step.

With this idea in mind, several additional information
will be able to be used in the hybridization process. For
example, the center of the cell of serving base station can
be used as partial estimation with a covariance diagonal
matrix proportional of the size of the cell. This will stop
an infinite growth of the variance in position estimation in
all direction.

6. EMILY ARCHITECTURE

This section presents the current activities of EMILY project,
presenting the general scheme of hybridization. In figure
(5), a block diagram depicts different parts of the architec-
ture. On the left side of figure, all different kind of available
measurements, and on the right, the final position estimate
(and speed if it is necessary). The basic Emily architecture
is formed with the following measurements: OTDBTS−BTS

(TDOA between GSM base stations) , Pseudoranges (GPS
network) and OTDBTS−SAT (TDOA between serving GSM
base station and any satellite under visibility ). Other ref-
erences as O-TDOA(TDOA in UMTS network) and addi-
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tional references (inertial sensors, other location techniques,
etc..) are also considered in this general scheme.

As it is well known, GSM network is not a synchronous
network, so a correction between the different base stations
clocks has to be performed. The real time differences be-
tween base stations clocks (RTDs in the figure) are reported
by the network. These RTD are measured by the network
using Location Measurement units (LMU) placed in some
GSM cells. In the case of OTDBTS−SAT the meaning of
RTD is the time difference between the serving base station
clock and general GPS network clock. It is not evident how
to measure this time difference due to the different mod-
ulation and different rates used. If this measurement can
not be reported, the algorithm can perform a complete 2D
position with 2 BTSs and 2 SATs, but if RTDBTS−SAT and
OTDBTS−SAT can be obtained, full-mode of EMILY archi-
tecture can continue performing a complete position with (2
BTSs and 1 SATs) or (1 BTS and 2 SATs). Due to this im-
portant benefit, one of the current task in EMILY project is
developing an auto-RTD estimate based on a low-variance
previous position estimates (based mainly in a good visibil-
ity of GPS satellites).

Once all OTD (BTS-BTS and BTS-SAT) have been
corrected, a partial position estimate for each one can be
achieved with the expressions developed in the previous sec-
tion (block Error Position estimation in the figure). The
rest of measurements (for instance, GPS pseudo-ranges)
do not need any previous correction to be projected into
a partial position estimate with the correspondant block.
The weighted combination hybridizes these different partial
position estimates in a loose manner performing a global
position estimate. This block is implemented with the de-
coupled expressions of the KF developed in section (3). The
additional sensors and/or other location techniques can be
added to this combination only providing a partial position

estimation and its quality report
(
R̃−1

k

)
. Finally, note that

the iterative algorithm have been placed properly (Linear
KF) after the combination (not in the combination block)
because speed (or higher order model) can be considered.
At this final step, speed measurements can be added pro-
jecting these measurements to the state vector (Cartesian
coordinates of position and speed in this case).

7. CONCLUSIONS

This paper has developed a de-coupled version of the clas-
sical extended Kalman filter applied to location problems.
Concretely, we have developed the sufficient statistics ex-
pressions for compressing or expanding measurements vec-
tor (normally TDOA measurements) in order to perform
a general loose coupling with the individual position esti-
mates. With this sufficient statistics, we have presented a
flexible hybridization scheme that allows us to use an arbi-
trary number of inputs without any increment of complex-
ity. This scheme is formed by two steps: First, transforming
measurement vector in position estimates (or error position
estimates) and second, hybridizing these partial position
estimates with the previous estimate with a general loose
coupling scheme. In this second step, it has been shown
the importance of the estimation (or knowledge) of mea-

Figure 5: EMILY architecture

surement variance matrix Rk (used in R̃−1
k ). Finally, this

simple scheme enables us the addition of external sensors
or other possible position references in a flexible manner by
adding its contributions in the second step of the scheme.

8. REFERENCES

[1] B. D. O. Anderson and J. B. Moore. Optimal filtering.
Prentice-Hall. Electrical Engineering Series, 1979.

[2] Y. T. Chain and K. Ho. A simple and efficient estimator
for hyperbolic location. IEEE Transactions on Signal
Processing, vol 42, No 8, August 1994.

[3] B. T. Fang. Simple solutions for hyperbolic and related
position fixes. IEEE Transactions on Aerospace and
Electronic systems Vol 26 No 5 September 1990.

[4] B. Friedlander. A passive localitzation algorithm and its
accuracy analysis. IEEE Journal of oceanic engineering
Vol-OE12 No 1, January 1987.

[5] L. L. Scharf. Statistical Signal Processing.

[6] D. J. Torrieri. Statistical theory of passive location sys-
tems. IEEE Transaction on Aerospace and Electronic
Systems Vol AES-20, No 2 March 1984.

(�27'

�*60�

3VHXGR�UDQJHV

�*36�

2�7'2$�

�8076�7''�

'2$

2WKHU�ORFDWLRQ�
WHFKQLTXHV

,QFV�

57'
%76�6$7�������

QHWZRUN�UHSRUWV

57'
%76�%76��������������

QHWZRUN�UHSRUWV

57'�
FRUUHFWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

�
�
��
�
��
�
��	



�
�
�

�
��




�

�




�
�
���

�
�
�
��
��
�
��




�

�
�
��
�
��
�
��	



�
�
�

�
��




�

�




�
�
���

�
�
�
��
��
�
��




�

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

27'�
%76�6$7

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

)LQDO�SRVLWLRQ�DQG�VSHHG�HVWLPDWLRQ

�
�
��
�
��
�
�
�
��
�
�
��
�
�

(UURU�3RVLWLRQ�
HVWLPDWLRQ

*7'�
FRUUHFWLRQ

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
FRUUHFWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�VSHHG�
HVWLPDWLRQ

.
D
OP
D
Q
�)
LOWH
U

�3
R
V
LWLR
Q
��
�6
S
H
H
G
�

.
D
OP
D
Q
�)
LOWH
U

�3
R
V
LWLR
Q
��
�6
S
H
H
G
�

(�27'

�*60�

3VHXGR�UDQJHV

�*36�

2�7'2$�

�8076�7''�

'2$

2WKHU�ORFDWLRQ�
WHFKQLTXHV

,QFV�

57'
%76�6$7�������

QHWZRUN�UHSRUWV

57'
%76�%76��������������

QHWZRUN�UHSRUWV

57'�
FRUUHFWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

�
�
��
�
��
�
��	



�
�
�

�
��




�

�




�
�
���

�
�
�
��
��
�
��




�

�
�
��
�
��
�
��	



�
�
�

�
��




�

�




�
�
���

�
�
�
��
��
�
��




�

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

27'�
%76�6$7

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

)LQDO�SRVLWLRQ�DQG�VSHHG�HVWLPDWLRQ

�
�
��
�
��
�
�
�
��
�
�
��
�
�

(UURU�3RVLWLRQ�
HVWLPDWLRQ

*7'�
FRUUHFWLRQ

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
(VWLPDWLRQ

�.DOPDQ�)LOWHU�

57'�
FRUUHFWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�SRVLWLRQ�
HVWLPDWLRQ

(UURU�VSHHG�
HVWLPDWLRQ

.
D
OP
D
Q
�)
LOWH
U

�3
R
V
LWLR
Q
��
�6
S
H
H
G
�

.
D
OP
D
Q
�)
LOWH
U

�3
R
V
LWLR
Q
��
�6
S
H
H
G
�

0-7803-7467-3/02/$17.00 ©2002 IEEE. 1301


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 
	Intentional blank: This page is intentionally blank


