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Abstract — The symbol transition density in a digi-

tally modulated signal affects the performance of prac-

tical synchronization schemes designed for timing esti-

mation. This paper focuses on the derivation of a sim-

ple performance limit for the estimation of the time de-

lay of a noisy linearly modulated signal in the presence

of various degrees of symbol correlation produced by

the various transition densities in the symbol streams.

The approach relies on the (Gaussian) Unconditional

Cramer-Rao Bound (UCRB), well known in the array

signal processing literature. The derived bound is valid

only for the class of quadratic, Non-Data-Aided (NDA)

timing recovery schemes, but it becomes asymptotically

the true CRB for low-SNR. To illustrate the validity of

the derive bound, it is compared with the actual per-

formance achieved by some well-known quadratic NDA

timing recovery schemes.

I. Introduction

Non-Data-Aided (NDA) timing recovery schemes have the im-
portant ability of extracting the timing directly from the noisy
digital waveform, without the use of symbol decisions. The
achievable Bit-Error-Rate (BER) is affected by the resulting
timing variance, mainly in low Signal-to-Noise-Ratio (SNR)
conditions. Cramer-Rao-Bounds (CRB) are of common use for
a prior evaluation of the this variance, but the exact CRB for
timing has not a simple closed-form expression. The use of the
Modified CRB (MCRB) [1] is an option, but it may yield too
much optimistic values. Another option is to use low-SNR ap-
proximations of the CRB, as that obtained in [2].

The present contribution tries to give some answers to the fol-
lowing questions: a) how the symbol transition density impacts
on the timing accuracy? b) how to know in advance whether a
particular working SNR can be considered low enough to apply
the existing low-SNR approximations?

The importance of question a) comes from the fact that in
some applications, such as Earth-to-space links, the data stream
may not be coded in order to simplify the equipment on board
the spacecraft, and adequate transitions cannot be assured.
Question a) becomes also an important in the contrary sense:
to which extent the use of alternated patterns with high symbol
transition densities may help the timing recovery? Concerning
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question b) we are interested in knowing when a low-SNR ap-
proximation is valid for a given SNR working point, and if this
depends also on the actual symbol transition density.

In the present contribution, we basically derive a simple CRB
expression from which the result in [2] is obtained as a particular
case. The general expression derived here takes into account
both the actual symbol transition density and the actual SNR.
For low-SNR, the expression becomes the true CRB, while in the
whole range of SNR, the expression has to be understood as a
performance limit only for quadratic estimators. Note that most
simple NDA feedback schemes for timing recovery are quadratic
systems, and therefore the obtained expression is valid at any
SNR whenever this class of estimators is chosen. The starting
point resorts on the theory presented in [3], where the use of the
so-called Gaussian Unconditional CRB (UCRB) is proposed for
synchronization. The reader is referred to the excellent work
about the UCRB under the scope of sensor array processing, as
[8] and [7], for further details.

II. Background: the Unconditional CRB applied
to timing recovery

The complex base-band signal is represented as:

r(t) = ejθ
L−1∑

k=0

akg(t− kT − τ) + w(t) (1)

where τ is the timing parameter to be estimated, θ is the sig-
nal phase, {ak} are zero-mean complex-valued stationary data
symbols with autocorrelation ra[p] = E

[
aka∗k+p

]
and pertain-

ing to the alphabet ak ∈ a(n) (n = 0, . . . , N − 1) where N is
the alphabet size, T is the symbol interval, g(t) is a real-valued
signalling pulse, and w(t) is complex-valued zero-mean Gaus-
sian noise with independent real and imaginary parts, each one
having a power spectral density of No. In the above model (1),
L represents the number of symbols considered in the obser-
vation interval that will be used for timing estimation. The
symbol energy of the modulated passband signal is defined as
Es = σ2

aEg/2, with Eg is the pulse energy, where σ2
a = ra[0]. By

sampling r(t) at intervals Ts = T/Nss, where Nss is the number
of samples per symbol, and assuming that the sampling fre-
quency Fs = 1/Ts is above the Nyquist frequency, a discrete
model can be used for r(t) as follows [4][3]:

r = Aτx + w (2)

where r is the sampled signal vector, the k-th column of
matrix Aτ is formed by the samples of g(t − kT − τ),
x =ejθ[a0, a1, . . . , aL−1]

T with covariance Γ, and w is the noise
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Figure 1: σ2
τ/T 2 for BPSK with L = 64, α = 0.1 and 50%

transition density (uncorrelated symbols).

vector of covariance Cw = σ2I, where σ2 = 2No/Ts. For sim-
plicity the paper is focused only to the case of pulses that do
not generate intersymbol interference (ISI) at the matched filter
output, which means that TsA

T
τ Aτ = EgI. The Gaussian Un-

conditional CRB (UCRB) for the parameter τ can be applied
to (2) to yield:

UCRB(τ) =
σ2

2tr (YS)
(3)

where

Y = DT
τ P⊥Aτ

Dτ

S = ΓAT
τ R−1

τ AτΓ

Rτ = AτΓAT
τ + σ2I

P⊥Aτ
= I− Ts

Eg
AτA

T
τ

Dτ = dAτ/dτ

where the k-th column of matrix Dτ is formed by the samples
of g′(t − kT − τ), and g′(t) = d g(t)/dt. For more information
about the validity of this bound for synchronization, the reader
is referred to [3]. In short, we just mention that (3) applies
only to the set of quadratic timing estimators, and it becomes
asymptotically the true CRB for low SNR (see [7] for more
details).

III. Derivation of a meaningful expression
Through matrix inversion lema, it is not difficult to show [5]

that S = ΓΩ−1Γ, where Ω=Γ+σ2
(
AT

τ Aτ

)−1
. Then, the term

tr (YS) in (3) for large L can be expressed as1:

tr (YS) = tr
(
YΓΩ−1Γ

)
(4)

= L

∫ 1/2

−1/2

Y (F )Ra(F )Ω−1(F )Ra(F )dF

1See [4], appendix B, Proposition B.3, for a detailed proof of (4).
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Figure 2: σ2
τ/T 2 for BPSK with L = 64, α = 0.1 and 5%

transition density.

where:

Y (F ) =

∞∑
p=−∞

y[p]e−j2πFp

Ra(F ) =

∞∑
p=−∞

ra[p]e−j2πFp

Ω(F ) = Ra(F ) +
σ2Ts

Eg

where y[p] and ra[p] are the common element of the p-th diago-
nal of Toeplitz matrices Y and Γ respectively. More compactly
we can write:

tr (YS) = L

∫ 1/2

−1/2

Y (F )Sa(F )dF (5)

where:

Sa(F ) =
|Ra(F )|2

Ra(F ) + σ2Ts
Eg

= σ2
a

∣∣Ra(F )
∣∣2

Ra(F ) +
(

Es
No

)−1 (6)

with Ra(F ) the normalized discrete Fourier transform of ra[p]
defined as Ra(F ) = 1

σ2
a
Ra(F ). Now, defining sa[p] =

∫ 1/2

−1/2
Sa(F )ej2πFpdF , which can be numerically computed in

practice by means of the IFFT algorithm, we can use the Par-
seval’s theorem to write:

tr (YS) = L

∞∑
p=−∞

y[p]sa[p] (7)

Matrix Y can be written as:

Y = DT
τ P⊥Aτ

Dτ = DT
τ Dτ − Ts

Eg
BT

τ Bτ (8)

where:

Bτ = AT
τ Dτ (9)
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Figure 3: σ2
τ/T 2 for BPSK with L = 64, α = 0.1 and 100%

transition density.

Matrices DT
τ Dτ and Bτ are L×L Toeplitz and their diagonals

have a common element that can be easily related with the
following cross-correlation functions:

diagp

[
DT

τ Dτ

]
= rg′(pT )/Ts = −r

′′
g (pT )/Ts (10)

diagp [Bτ ] = rgg′(pT )/Ts = r
′
g(pT )/Ts (11)

where rg(τ) =
∫

g(t)g(t + τ)dt, rgg′(τ) =
∫

g(t)g′(t + τ)dt,

rg′(τ) =
∫

g′(t)g′(t + τ)dt, r
′
g(τ) = d rg(τ)/dτ , r

′′
g (τ) = d2

rg(τ)/dτ2, and diagp represents the common element of the pth
diagonal (p = −(L − 1),..., 0, . . . , L − 1) of a Toeplitz matrix.
On the other hand, we have approximately that:

T 2
s diagp

[
BT

τ Bτ

]
≈ qg[p] =

∞∑
m=−∞

r
′
g(mT )r

′
g((m + p)T ) (12)

Then, the coefficients y[p] (the diagonals of Y) can be written
as:

y[p] =
1

Ts

(
−r

′′
g (pT )− 1

Eg
qg[p]

)
(13)

Substituting (13) in (3), we can write:

UCRB(τ) =
σ2Ts

2LS
=

No

LS
(14)

S =

∞∑
p=−∞

(
−r

′′
g (pT )− 1

Eg
qg[p]

)
sa[p]

Finally, straightforward manipulation of (14) yields the main
result of this paper, generalizing [2]:

UCRB(τ) =
1

2L

1

Es/No

σ2
aEg∑∞

p=−∞
(
−r′′g (pT )− 1

Eg
qg[p]

)
sa[p]

(15)

IV. Particular cases

For the particular case of uncorrelated data, the coefficients
sa[p] (the inverse Fourier transform of Sa(f) in (6) for Ra(F ) =
1) in (15) reduce to:
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Figure 4: σ2
τ/T 2 for BPSK with L = 64, α = 0.9 and 50%

transition density (uncorrelated symbols).

sa[p] = σ2
a

Es/No

Es/No + 1
δp (16)

where δp is the Kronecker delta. In addition, taking into account

from (12) that qg[0] =
∑∞

m=−∞ r
′2
g (mT ), we obtain:

UCRBu(τ) =
1

2L

1 + 1
Es/No

Es/No

Eg

−r′′g (0)− 1
Eg

∑∞
m=−∞ r′2g (mT )

(17)

Finally, for Es/No << 1 we obtain from (17) the low-SNR limit
derived in [2]:

UCRBul(τ) =
1

2L

1

(Es/No)
2

Eg

−r′′g (0)− 1
Eg

∑∞
m=−∞ r′2g (mT )

(18)

V. Simulation results

The derived performance bound (15) is here compared with the
actual performance of some well-known quadratic timing re-
covery feed-back schemes in the presence of uncorrelated and
correlated data. Four timing error detectors are considered:
the Non-Data-Aided Early-Late detector (NDA-ELD) (see [6],
Sec. 8.3.1., pag. 429, Eq. 8.3.7.), the low-SNR-UML (or ML-
oriented) detector (see [4][3]), the Gardner detector (GAD) (see
[6], Sec. 8.3.2., pag 431, Eq. 8.3.19) and the CML detector (see
[4]). Figures (1) to (3) show the normalized timing variance of
all timing error detectors against Es/No using 5000 iterations
with L = 64, along with the UCRB and their asymptotic limits.

Figure (1) corresponds to the case of uncorrelated data. It is
seen that only the CML detector attains the UCRB (for moder-
ate Es/No). The remaining detectors exhibit a very high floor
effect for this small roll-off factor, α. The MCRB is also de-
picted, which departs significantly from the UCRB. Figure (2)
corresponds to the case of a low transition density. The simula-
tions show the existence of an increased threshold effect for that
case, approaching all the estimators to the UCRBlow asymptote
below this threshold. The case of 100% transition density is
shown in figure (3) where, apart from the GAD, the detectors
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Figure 5: σ2
τ/T 2 for BPSK with L = 64, α = 0.9 and 5%

transition density.

attain the UCRB for moderate and high Es/No and they ex-
hibit a reduced threshold effect. However, all them tend to
depart slightly from the UCRB at very low Es/No.

Figures (4), (5) and (6), are similar to figures (1), (2) and
(3), respectively, but for the case of a high roll-off factor. The
floor effect of all estimators is smaller in that case. In figure
(4), all the detectors attain the UCRB, except those affected by
self noise, which exhibit a floor for high Es/No. The MCRB is
also depicted, which is very near to the UCRBhigh asymptote
for roll-off factors near to 1. Figure (5) shows again threshold
effect correctly predicted by the bound, which is a little smaller
in that case, in comparison with that in figure (2). Finally,
in the case of 100% transition density shown in figure (6) all
detectors attain the UCRB at high Es/No. However, for this
case of alternated pattern and roll-off factor near to 1, it is seen
that they depart more significantly from the UCRB at small
Es/No, which means that they have a threshold value higher
than that predicted by the bound. With the purpose of vali-
dating the obtained result by showing that an estimator exists
near the bound, an additional ad-hoc quadratic timing detec-
tor described in [5] has been considered in figure (6), which has
been named High Transition Density NDA-ELD (HTD-NDA-
ELD). The message behind this simulation is that, at low-SNR
it is necessary to make modifications to the estimator in order
to attain the bound in the presence of high transition density,
mainly for high roll-off factors.

VI. Summary and conclusions

In this paper we have analyzed the effect of symbol transition
density on timing estimation, resorting to the so-called Uncon-
ditional CRB, well known in array signal processing. The re-
sults show the existence of a threshold Es/No at which the slope
of the UCRB changes from -2dB per dB to -1dB per dB. This
threshold increases above 0dB for low transition densities, while
it decreases below 0dB for high transition densities, which in-
dicates that the use of alternated symbol patterns is specially
attractive only for very low SNR. The already existing low-SNR
limit for timing recovery for uncorrelated data [2] is obtained
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Figure 6: σ2
τ/T 2 for BPSK with L = 64, α = 0.9 and 100%

transition density.

as a special case by using the proposed approach. The bound
is also useful for knowing in advance whether modifications to
the estimator will be worth for improving the performance.

The research is extended in [5], where even simpler expres-
sions are derived for the high and low-SNR asymptotes of the
UCRB, which also allows the derivation of a closed-form expres-
sion for the threshold Es/No.
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